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11 potential temperature 
C sound speed (phase speed for acoustic waves in fluids) 
Glossary Of Symbols Introduced In Section 3.2 
Po density changes slow :::} p ~ constant i.e. p0 
~ = ( z, y, z) particle position 
( u, v, w) particle velocity 
X 




p(x, y, z, t) 
A 
ko 
ft. = ( n1, n2, n3) 
l£ = (k1, k2, k3) 
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U = (U1, U2, U3) 
radian frequency 
wave number, ~ 
reference sound speed 
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solution to the wave equation, in terms of pressure 
wave amplitude 
wave number ( relative to reference sound speed), ~ 
unit normal to the wave front 
wave number vector, !£= k(n1,n2,n3) 
wavefront - defines a surface of constant phase, 
W(x, y, z) = n1x + n2y + n3z 
refractive index, N(x, y, z) = ~ 
C\X,Y,Z} 
phase function 
vector group velocity, U = ~f 
X1 
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arclength - distance along the ray path 
- direction cosines (normal to the wave front), 
(a,/3,,) = (t, ~, t) 
direction of propagation 
sound speed gradient 
radius of curvature 
the maximum height reached by the ray above the initial position 
the horizontal distance from the source to the point where the ray 
returns to the starting depth 
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P1,P2 · · .p3 
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mean velocity field through which waves propagate 
absolute frequency, the frequency of oscillations occurring 
at a fixed point in space 
relative frequency, frequency of oscillations occurring at a 
point moving with velocity V 




1.1 Historical Background And Motivation 
The motivation for this thesis arises from the apparent global warming prob-
lem. It is common knowledge that the ocean is an important heat sink and 
that to predict global warming trends it is important to measure changes in the 
ocean temperature. Measurements of ocean temperature are subject to large 
local variability associated with mesoscale features. In order to measure global 
warming trends a method is required to determine large scale averages, over 
large oceanic ranges, in order to remove the inherent variability associated with 
mesoscale features, such as currents and mesoscale eddies. This requirement 
can be met by acoustic thermometry (Munk et al, in press). 
Sound speed in the ocean is related to water temperature and an increase in 
water temperature results in an increase in sound speed. Sound speed increases 
by 4 - 5 m.s- 1per °C , which means that the travel time between the source 
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and receiver is shorter for a warmer ocean, in fact travel time fluctuations are a 
sensitive indicator of temperature variations (Baggeroer and Munk, 1992). By 
measuring the travel time from source to receiver during a series of successive 
tests it is possible to determine temperature fluctuations within the ocean. In 
this way the ocean can be used as a temperature gauge and therefore as a 
certain indicator of global warming. 
ATOC - Acoustic Thermometry of Ocean Climate is an internationally sup-
ported project which intends to measure the rate of the anticipated warming of 
the world oceans using acoustic techniques. The plan for ATOC is to set up 
a global network of source and receiver stations throughout the oceans of the 
world. Then by measuring the travel time between stations over a number of 
years the worlds oceans can be used as an early warning signal of the apparent 
global warming problem. 
The feasibility of long range sound transmission in the ocean has already been 
demonstrated in March 1960 (Munk, O'Reilly and Reid 1988). One hundred 
and fifty kilograms of TNT were detonated in the sound channel off Perth, 
Australia. The explosion was recorded on hydrophones at Bermuda, almost half 
way around the world. This demonstrated the remarkable long range transmis-
sion characteristics of sound within the ocean. After reconsidering the 1960 
experiment it was Walter Munk's suggestion that these transmission properties 
could be used as an indicator of global temperature change (Gibbons, 1990). 
In early 1991 the Heard Island Feasibility Test (HIFT) took place, with Walter 











Island, in the Southern Indian Ocean, and transmitted a low frequency sound 
signal over a period of five days. One of the objectives of the HI FT exper-
iment was to determine the efficiency of the deep sound channel, also called 
the SO FAR channel. This channel is a function of the sound speed minimum, 
which is typically at a depth of 1 km below the sea surface. The SOFAR 
channel behaves as a waveguide and directs acoustic energy through the world 
oceans. HI FT was a great success in that the transmitted signal, which prop-
agated through the SOFAR channel, was received through out the oceans of 
the world (Forbes, 1991). Figure 1.1 contains a map showing the source and 
receiver stations involved in the experiment. Munk et al (in press) have written 
a full report on HI FT, which includes the background to the experiment, de-













Figure 1.1: Map Showing The Source At Heard Island And The Fourteen 
Receiver Stations (Forbes, 1991) 
3 
Baggeroer and Munk (1992) suggest that ten years of observations with a rea-
sonable global network of sources and receivers could lead to an estimate of 
ocean warming as a result of the greenhouse effect. A warming of 0.005°C.year-1 
produces a decrease in travel time of about 0.02 sec.year-I over a 10000 km path. 
In acoustic tomography a precision of 0.001 sec in measuring travel times over 
10000 km has been achieved, over long ranges a precision of 0.01 sec is ex-
pected and is adequate for detecting the predicted global warming trends. 
A problem with the proposed ATOC experiment is that the very large distances 
involved in global sound propagation implies a certain amount of dependency on 
the horizontal sound speed structure. The effects oceanographic features such 
as bottom topography, ocean fronts, currents and mesoscale eddies have on the 
sound speed structure, and hence on sound propagation through them, can not 
be ignored. These features do cause a disturbance to the ray path and do effect 
the travel time, a small deflection to a ray on a scale of 10000 km will have 
a significant effect on the ray path and hence travel time. This means that a 
better understanding of these features in terms of ocean acoustics is necessary. 
Clearly physical experiments and monitoring are not practical either logistically 
or financially, for these reasons numerical modeling has been suggested as an 
exploratory tool. 
The southern tip of Africa provides an excellent position for a source-receiver 
station, since it forms a link between three major oceans of the world: the 
Atlantic Ocean, the Indian Ocean and the Southern Ocean. Krige and Brun-
drit (in press) describe the South African participation in HIFT, they emphasize 
that the propagation paths through this region are highly variable as a result of 
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the extremely complex oceanographic environment associated with the region. 
Munk et al (in press) ascribes the relatively poor reception in this region not 
only to the extreme sea conditions at the time of the experiment but also to 
the highly variable oceanographic conditions associated with the region. 
A number of semipermanent features have been observed within this area, for 
example the Agulhas Current, the Agulhas Return Current and the Retroflection. 
I 
Apart from these semipermanent features this region is characterized by a large 
number of dynamic mesoscale eddies. These eddies may be formed by a variety 
of processes: they may be sheer eddies, formed at the edges of large currents; 
they may be formed by the occlusion of large meanders within the currents; or 
they may be topographically induced eddies. Clearly the complicated oceanic 
environment in the region south of Africa results in highly variable propagation 
paths for sound passing through the area. 
Fundamental to South Africa's continued participation in the ATOC experi-
ment is a better understanding of the oceanic features in terms of their acoustic 
properties, within the region south of Africa. The purpose of this thesis was 
to address this problem by determining the effects individual oceanographic 
features have on long range sound transmission south of Africa. In order to 
achieve this two requirements were needed: firstly a detailed understanding of 
the oceanography of the region including real data; secondly a computer model 
that was capable of modeling sound propagation through oceanographic fea-
tures typical to this region. The first requirement was achieved by a study of 
oceanographic research papers and data reports pertaining to the area south of 
Africa. The second requirement, that of a range dependent computer model 
5 
was achieved by 1iARPO ( Georges, Jones and Lawrence, 1990; Jones, Riley 
and Georges, 1986 )a recently developed Hamiltonian Acoustic Ray tracing Pro-
gram for the Ocean. 
The objectives of this thesis were threefold: 
• Firstly, using 1iARPO a numerical experiment was performed in order to 
determine the effects of a warm core feature, with either a zonal1current or 
an anticlockwise vortex current, on long range sound propagation through 
it. 
• Secondly the results for the numerical experiment were be applied to the 
area south of Africa, specifically sound propagation through the Agulhas 
Current, the Agulhas Return Current and an anticlockwise warm core eddy 
typical to the region. 
• Finally the usefulness of 1iARPO as a predictive modeling tool was 
assessed, in order to achieve this the model results from the numeri-
cal experiment were compared with results obtained using mathematical 
methods. 
1.2 Overview 
This thesis is divided into two distinct sections. Chapters Two, Three and Four 
provide the necessary background to the numerical experiment which is de-
scribed in Chapters Five and Six. A summary of the results and the conclusions 
are included in the final chapter, Chapter Seven. The subject content of the 
chapters are independent and diverse, for this reason a bibliography is included 
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at the end of each chapter. This method of referencing is useful because it 
furnishes a series of relevant references which are categorized according to their 
subject matter. 
Chapter Two contains a discussion on the numerical experimentation philos-
ophy used for this experiment. The philosophy is this: starting with a very 
simple model environment more complex features are added to it, tending to a 
more realistic model environment, through which sound rays are transmitted. 
This philosophy allows for a general understanding of individual features within 
the model. Also, the reasons for selecting 1t.A1lPO to be the ray tracing 
program used throughout the experiment are given in Chapter Two, as well as 
a detailed description of the structure and features of 1lA1lPO . 
The mathematical background to acoustic propagation modeling is described 
in Chapter Three. The Chapter begins with a characterization of the ocean 
as an acoustic medium. This is followed by an account of the mathematical 
theory which underlies acoustic propagation modeling. The theory begins with 
a derivation of the acoustic wave equation from fundamental physical principles. 
By applying a plane wave solution to the wave equation the eikonal equation 
is derived and the theory of ray tracing introduced. An application of ray trac-
ing, refraction of sound in a variable medium, is demonstrated. By including 
a moving environment into the system the ray tracing equations are shown to 
parallel the characteristic form of Hamilton's equations in a dynamical system, 
and thus Hamiltonian ray tracing is introduced and described. 
In Chapter Four a description of the Agulhas Current Region is given. It includes 
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an outline of the Agulhas Current System, which itself includes the Agulhas Cur-
rent, the Agulhas Return Current and the Retroflection. This chapter provides 
a detailed description, in terms of their acoustic properties, of the semiperma-
nent features found within the region, as well as the more variable and dynamic 
mesoscale eddie features. 
In Chapter Five descriptions of the simulated model environments, through 
which sound rays were propagated for this research, are described in detail. 
Firstly a horizontally stratified environment is described, upon this a current 
and an eddy feature were positioned in order to consider the effects of each fea-
ture. Both the current and the eddy feature are divided into two components, 
the velocity and the temperature structure. Sound Propagation through the 
velocity and the temperature structure of each feature were modeled both sep-
arately and together in order to determine the individual and combined effects 
of the components of each feature on sound propagating through them. The 
last section of Chapter Five is included for completeness, it contains the precise 
mathematical descriptions of each of the 1iA'R'PO submodels used to define 
the model environments which are used in the numerical experiment. 
Chapter Six describes the numerical sound propagation experiments which were 
performed. The results are given in sequence, starting with the results of sound 
propagating through a horizontally stratified ocean, followed by sound propa-
gating through a current environment and finally sound propagating through a 
warm core anticyclonic eddy feature. In order to make the results easier to inter-
pret, the ray tracing experiment results are separated into vertical and horizontal 
components. A full set of the experiment results is included in the appendices 
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for completeness and to aid the discussion in Chapter's Six and Seven. 
The final chapter, Chapter Seven, includes a summary of the results and the 
conclusions. The results correspond to those of previous physical and theoret-
ical long-range sound propagation experiments. For a warm core feature the 
sound channel is depressed by the warmer surface waters. The results indicate 
that for a ray propagating through through a warm feature such as the Agul-
has Current, Agulhas Return Current and a warm core eddy, the rays follows 
the SOFAR channel and dive beneath the feature. Propagation through the 
velocity structures associated with the features mentioned resulted in signifi-
cant amounts of refraction in the direction of the current flow for the zonal 
current and away from the vortex center for the anticyclonic vortex. When the 
temperature and velocity structures associated with the features were combined 
together, to emulate a realistic environment, the ray was forced downwards by 
the temperature structure and less horizontal refraction occurred to the ray as it 
was propagating below the current core. The results indicate that 1iA1l'PO is 
a useful predictive tool in terms of determining the effects of oceanic features 
on sound propagation through them. 
9 
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the most idealized situations, sometimes resulting in large errors in predictions. 
For these reasons numerical techniques are more appropriate to the calculation 
of the acoustic field and associated oceanic environment (Etter, 1991). 
The numerical experimentation philosophy that is used in this project was this: 
beginning with as simplified a model as possible, more complicated features are 
included into the system one at a time, with the system gradually approaching 
reality. This approach to the experiment allows for a better understanding of 
the effects of individual components within the system and provides insight into 
the role oceanic features have on acoustic propagation through them. 
A valuable use of this type of exploratory numerical modeling is that it assists in 
the interpretation of observed propagation results given an accurate data base 
of the oceanic environment using modern data collection techniques. 
2.2 Why Harpe Was Chosen 
A recently developed three-dimensional Hamiltonian ray tracing program for 
the ocean, 1iA1?-PO (Georges, Jones and Lawrence, 1990; Jones, Riley and 
Georges, 1986 ), was chosen as the software for this project. Propagation models 
can be classified on the basis of the variation permitted in the sound speed en-
vironment. A model where the variation in sound speed is with depth, c(z), is 
called a range independent model. Range dependent models can be two di-
mensional with the introduction of variation along a ray direction, c( x, z) or 
c( 0, z ), or fully three dimensional where horizontal refraction of the ray is mod-
eled, c(x, y, z) or c(fJ, </>, z). 1iA1?-PO is a fully three dimensional range 
13 
dependent propagation model where sound speed can vary with range, azimuth 
angle from the receiver and depth. 
The fact that rlAnPO is 'range - dependent' is important to the numeri-
cal modeling that was performed for this thesis, since the horizontal variability 
found at ocean fronts and current and eddy boundaries are thought to have 
a significant effect on sound propagating through them (Newhall et al, 1990). 
The effect the oceanographic features considered for this thesis have on the 
path length and hence travel time on a ray passing through them could not be 
ignored and a 'range - independent' model would not have sufficed. 
1lAnPO was selected primarily because it is a ray tracing program with a 
graphically useful acoustic ray diagram as output, which provides intuitive in-
sight into the problem at hand. rlAnPO is community software, written in 
FORTRAN, and readily available from the designers. A functional manual was 
provided with the program, from the authors (Jones, Riley and Georges, 1986), 
the manual contains historical background to the program as well as the mod-
eling procedures, the theoretical basis of the code and detailed user information. 
1lA1lPO is a popular package used by a number of acoustic propagation 
modelers, for example Chiu et al (in press) and Newhall et al {1990). It is 
understandable, versatile and provides the user with a selection of models with 
which to set up the ocean environment. The user also has the option to include 
their own routines if the routines provided are inadequate for their purposes. In 
the PC version of r£A1?,PO used for this thesis only a limited number of ideal-
ized modeled perturbations to the sound speed environment could be included 
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at one time. While the essence of oceanographic features can be included the 
incorporation of real hydrographic data into the model environment awaits fur-
ther developments in 1-lARPO . 
The method of including data into the program is straightforward, the user 
specifies the magnitude and the units of the elements, of an input data file, 
that correspond to physical or mathematical quantities that notify the program: 
which models to use; rays to trace and in what form to present the results. 
Until now ray tracing computer programs have been automated versions of 
one or two dimensional ray tracing graphical techniques. These types of pro-
gram were implemented over limited regions, for longer ranges the solutions 
were patched together. Apart from being difficult to extend to three dimen-
sions these models encountered discontinuities at the interfaces between two 
regions which made the results awkward to interpret. 
1-lARPO avoids these problems since it models the ocean as a three dimen-
sional function, with continuous gradients. 1-lARPO computes each ray path 
by numerically integrating Hamilton's equations with a different set of initial 
conditions. Since 1-lARPO uses continuous models the problems of disconti-
nuities at the boundaries between smaller regions are avoided. 
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2.3 The Structure Of Harpo 
An ideal model would completely represent reality, however this defeats the 
purpose of a model, which is to generalize and abstract the problem at hand, 
providing insight and understanding to the situation. Because of this modeling 
in the physical sciences has most often been reduced to more manageable com-
ponents (Etter, 1991). 
1tARPO was designed with a useful modular structure. Figure 2.1 graphi-
cally depicts the main components and structure of 1tAR'PO , which includes 
the input file; the main program which is divided into two subsections, the ray 
tracing core and the model environment; and the output file which is repre-
sented by a ray diagram. 
The main program is divided into two major components. The ray path calcu-
lation is completely separate from the model of the medium (i.e. sound speed 
structure, current velocity and boundary conditions). While these two compo-
nents are completely independent of each other they do interact throughout a 
run of the model. 
The ray tracing core is based on mathematical representations of the govern-
ing physics. The user provides the initial ray tracing conditions, including: the 
source location {latitude, longitude and depth); wave frequency and intensity; 
as well as the direction of transmission ( elevation and azimuth angles). 
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INPUT FILE 
RAY TRACING CORE 
- reads input data 
- calculates mathematical constants 
- steps frequency; azimuth; elevation angles 
- TRACE - calculates one ray path 
RKAM - integrates one step of the equation 
HAM LTN - evaluates the d.e. to be integrated 
t t 
MODEL ENVIRONMENT 
- dispersion relation routine 
- background ( and perturbation) current model 
- background ( and perturbation) sound speed model 
- background ( and perturbation) bottom model 
- background ( and perturbation) surface model 
- absorption (loss) (and perturbation) model 
- receiver surface model 
RAY DIAGRAM 
Figure 2.1: The Structure Of Harpo 
The medium within which the ray tracing occurs is modeled separately from the 
ray tracing core, using a number of environmental model routines. Components 
that are included into this section are: the background sound speed; background 
current; bottom topography; ocean surface; as well as perturbations for each of 
these routines. A receiver surface model and an absorption loss model are also 
included here. 
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In conclusion, for a typical model run, the input file contains data pertain-
ing to the initial ray conditions and a description of the model environment to 
be used. This file is used by the ray tracing core which reads the input data and 
calculates all mathematical constants to be used. With these initial ray con-
ditions and the model environment parameters the ray propagation paths are 
calculated stepwise. The output of this procedure is described by a ray diagram 
which is fairly easy to interpret. 
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Chapter Three is imperative to this thesis, it contains an introduction to the 
theory of acoustic propagation within the ocean. A glossary of symbols pertain-
ing to this chapter can be found at the beginning of this thesis, on page x. The 
Chapter begins with a description of the fundamental physical properties of the 
ocean environment, the purpose of this is to provide insight into the ocean as 
an acoustic medium. 
The background to the mathematical theory which underlies acoustic propa-
gation modeling is introduced. The approach is this: Recognizing that sound 
travels through the ocean as a longitudinal wave, the wave equation is derived 
from fundamental physical principles. Any acoustic propagation model has to 
21 
make use of either the wave acoustic solution or the ray acoustic solution to the 
wave equation. Both solutions are discussed in this chapter and the reasons for 
selecting the ray solution are outlined. 
A plane wave solution to the wave equation is considered and extended to 
three dimensions, the resulting expansion of the wave equation is then reduced 
to the eikonal equation. The advantage of the eikonal equation over the wave 
equation is that it is independent of time. However, there are sufficient condi-
tions that must be satisfied before for the eikonal equation can be considered, 
these conditions are discussed. Solutions to the eikonal equation give rise to a 
set of ordinary differential equations, which describe ray paths of acoustic en-
ergy - where a ray is defined as the trajectory that is everywhere perpendicular 
to the wave front. 
By considering the ordinary differential equations resulting from the eikonal 
equation the theory of ray tracing is introduced. Here the effects the environ-
ment has on a ray are investigated, the primary effect being that of refraction 
- which is the bending of a sound ray due to a variation within the oceanic 
medium. The ray tracing theory is then extended to a generalized theory of ray 
tracing. A parallel between the generalized ray tracing equations and Hamil-
ton's equations for a conservative dynamical system is found and the generalized 
theory of Hamiltonian ray tracing is introduced. The effects a current has on 
sound propagating through it are considered and the generalized Hamiltonian 
ray tracing equations are extended to accommodate current features within the 
modeling environment. 
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3.1 The Acoustic Medium 
To understand the physics of acoustic propagation in the ocean a fundamental 
understanding of the ocean as an acoustic medium is imperative. In this section 
the sound speed structure of the ocean is described. 
The equation of state for sea water declares that every physical quantity can 
be related to three fundamental state variables. Typically for oceanographic 
studies the three state variables chosen are temperature, salinity and pressure. 
p = p(T, S,p) 
For acoustic oceanographic studies potential temperature ( or entropy), salinity 
and pressure are preferred. 
P = p(TJ,S,p) 
Sound speed is a physical quantity in the ocean and is therefore, through the 
equation of a state, a function of potential temperature, salinity and pressure. 
C = (TJ, S,p) 
The relationship between sound speed, c , and density, p , ( derived in sec-
tion 3.2) is given by: 
1 _ (op) 
~ - op r,,S 
Both the sound speed and density are determined at a particular point by the 
in situ temperature, salinity and pressure values and the relevant equation of 
state. Changes in temperature, salinity and pressure are reflected by relative 
variations in the sound speed. A positive ( or negative) variation in the temper-
ature, salinity or pressure results in an increase ( or decrease) in the sound speed. 
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Temperature changes normally dominate salinity changes in their contribution 
to sound speed variations. In the region of the thermocline, which in temperate 
and tropical waters is the top 1000 m of the ocean, temperature changes dom-
inate pressure changes. However in deep waters, below the thermocline and in 
polar waters, pressure changes dominate temperature changes. 
Variations in salinity are only important close to the ocean surface and at river 
mouths. Also changes in sound speed as a result of changes in depth are fairly 
small, for example the variation in sound speed over 100 m due to hydrostatic 
pressure alone is about 0.1 % (Kinsler et al, 1982). Nevertheless pressure vari-
ations become important in the deep isothermal waters. 
In contrast variations in sound speed as a result of changes in the ocean tem-
perature are large, especially near the ocean surface. Variations in temperature 
of more than 5°C are common near the ocean surface, resulting in changes of 
about 0.2% of the total sound speed (for temperatures in the region of 15°C 
) (Kinsler et al, 1982). 
It is important to observe that the actual variations in sound speed, compared 
to its magnitude, are small - for example in a vertical sound speed profile the 
total sound speed variation is typically about 30 m.s-1 , which is 2% of a typ-
ical sound speed value of 1500 m.s-1 . Even though this variation is relatively 
small it has a large effect on the propagation of sound in the ocean. 
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Temperature - Sound Speed 
Thermocline 
•----------- ... 





Figure 3.1: Schematic Relationship Between Temperature And Sound Speed 
Profiles In The Deep Ocean 
The temperature field of the ocean displays a high degree of stratification with 
depth. Since the isotherms are virtually parallel to the horizontal plane, this 
structure has been referred to as horizontal stratification (Weinberg, 1978). 
The range of the vertical temperature profile, in the ocean consists of a number 
of recognizable layers. These sections are discussed here and then related to 
corresponding acoustic zones. Figure 3.1 is included in order to demonstrate 
the relationship between the thermal and acoustic structures within the ocean. 
Etter (1991) describes the relationship between temperature layers and their 
corresponding acoustic layers in more detail. 
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The surface layer is usually associated with a well mixed layer of isothermal 
water. Within this layer the sound speed structure is influenced by the local en-
vironmentally influenced temperature variations experienced at the sea surface. 
This thesis is only concerned with sound propagation through the deep ocean 
and so the sound speed structure at the surface is only mentioned briefly. 
Below the well mixed surface layer lies the thermocline, a section of the water 
column in which the temperature decreases rapidly with depth. The decrease 
in temperature in the region of the thermocline results in a decrease in sound 
speed with depth. This means that there is a negative sound speed gradient 
within this zone. 
Between the thermocline and the ocean floor is the deep isothermal layer, this 
layer has an almost constant temperature. But because of the increasing pres-
sure with depth found in this region the sound speed increases with depth. The 
deep isothermal layer therefore exhibits a positive sound speed gradient. 
At the interface between the thermocline and the deep isothermal layer a sound 
speed minimum is present. This minimum occurs at the boundary between the 
zone with the negative sound speed gradient and the deeper region with the 
positive sound speed gradient. The depth of the sound speed minimum is called 
the sound channel axis. 
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3.2 The Acoustic Wave Equation 
Acoustic waves in fluids are longitudinal waves - this means that the molecules 
move back and forth in the direction of propagation of the wave, producing 
adjacent regions of compression and rarefaction. For this reason the theoretical 
basis underlying all mathematical models of acoustic propagation in the ocean 
is the wave equation. A good derivation of the wave equation in terms of ocean 
acoustics can be found in Kinsler et al (1982} and Urick (1982). 
A number of physical assumptions are necessary to derive the acoustic wave 
equation, and the resulting ray tracing techniques. Ross (1976} lists the physical 
assumptions used in deriving the acoustic wave equation from fluid mechanics. 
The assumptions used in this particular derivation of the wave equation are 
presented here so as to ensure that the essence of the derivation which follows 
can be understood easily. 
Firstly, the effects of gravitational forces are neglected, which means that the 
instantaneous density was constant throughout the medium, or p ~ p0 (Boussi-
nesq approximation) (Lighthill, 1978). 
Secondly, it has been found experimentally that acoustic processes are approxi-
mately adiabatic, this means that there is an insignificant exchange of thermal 
energy from one particle of fluid to another, under these conditions the potential 
temperature of the fluid is approximately constant and the temperature gradi-
ents are small. 
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Using the three acoustic oceanographic state variables: potential temperature, 
salinity and pressure means that density can be written: 
p = p(17, S,p). 
In general: b.p = (~~)s,pb.T/ + (!;)11,pb.S + (~)r,,sb.p 
but: an adiabatic system => mechanical processes only. 
b.T/ = 0 
b.S= O 
no heat exchange 
no diffusion 
hence b.p = ( ~; )11 ,sb.p ( adiabatic approximation). 
( ~P has dimension 1 
1
.t 2 ¢> \ i.e sound or compression) vp ve oci y c 
In this approach basic equations from fluid mechanics are used to derive the 
wave equation. The fundamental equations used are: the continuity equation; 
the equations of motion and the equation of state for fluids. 
The continuity equation expresses the conservation of mass, that is it relates the 
motion of the fluid to its compression or dilation. It is a functional relationship 
between particle velocity, ( u, v, w) , and the instantaneous density: 
1 op 
Po 8t (
au+ av+ ow) 
ox 8y oz (1) 
The equations of motion represent the law of conservation of momentum: 
OU = 1 ( £.E) (2) Ft Po ox 
8v 
at = 1 ( £.E) Po ay (3) 
aw 1 ( £E) (4) at Po 8z 
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Here the Boussinesq approximation in which only variations of the instantaneous 
density are retained, which means that the typical density, p0 is used. Need to 
eliminate ( u, v, w) from the equations: 
1 a2 ( 82 u 82 t1 82w ) ~- Po 7il = ~ + 8t8Ji + 8t8z t . 
82u 1 ( IJ2 ) ~- = ~a . 8t8:r: 
~- a2" = l(~) 8y . 8t8y Po 8 
~: 
82 w = l(~) 8t8z Po z 
Giving: 
= + 




=> ~ = c2V2p (The Wave Equation) 
Previously it was mentioned that the wave equation has two categories of solu-
tion: the wave theory solution and the ray theory solution, and that all acoustic 
propagation studies make use of either the wave or the ray tracing solution to 
determine the acoustic propagation paths. 
The wave theory solution numerically integrates the wave equation to describe 
the propagation of sound through water. Given both boundary and initial con-
ditions wave theory provides a formally complete solution applicable under all 
conditions. 
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Alternatively in the ray theory solution sound waves are treated like particles 
that travel along geometric trajectories called rays. Where a ray is defined as 
that trajectory which is everywhere perpendicular to the wave front. Acoustic 
ray tracing is a technique used to mathematically describe the path traveled by 
an acoustic ray. In the past graphical techniques and more recently computer 
models have been used to display the results of ray tracing computations in an 
informative way. 
Ray tracing does provide an easy to interpret ray diagram as output, graphically 
showing the path of acoustic propagation. The primary reason a ray tracing 
program was used throughout the project is because of the useful graphical out-
put of a ray tracing program, and the graphical insight this solution provides 
to the propagation problem being considered. Ray theory does not depict an 
exact solution, like wave theory, to the wave equation. For this reason there are 
distinct restrictions when using ray tracing, which are outlined in the conditions 
for the eikonal equation - further on in this chapter. Despite these restrictions 
ray tracing is an extremely useful method for the graphical representation of the 
acoustic situation corresponding to the ocean. 
Not only can ray tracing give accurate information about the geometrical paths 
followed by acoustic rays, but further information about shadow boundaries, 
reflections from surfaces, phase, intensity, pulse travel time, absorption and 
Doppler shift (for time varying media) can be determined along the ray path. 
30 
3.3 The Eikonal Equation And Dispersion Relationship 
Here appropriate solutions to the wave equation, which can lead to the derivation 
of the eikonal equation are considered. The dispersion relation, which provides 
a relationship between the local frequency, w , and the local wavenumber, k , 
is also introduced in this section. 
Consider the one dimensional wave equation, in a region where the speed of 
sound is constant, c = c0 • 
a2p - 2 a2p 
W - Co "§;;'I 
Plane waves of the form p = Ae1(wt-kx) are exact solutions to the wave equa-
tion, where k = ~ is defined as the wave number. The local frequency, w , 
and the local wave number, k , are connected by a dispersion relationship, in 
this case the dispersion relationship is w = kc0 • 
An analogous solution in three dimensions would be 
with a dispersion relation: 
k 2 + k 2 + k 2 _ w2 _ k 2 1 2 3 -::---!- o Co 
An equivalent solution would be: 
p(x, Y, z, t) = Aei(wt-k0 W(x,y,z)) 
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where: W(x, y, z) = n1x + n2y + naz with 
In a region where the sound speed varies slowly in all three spatial dimensions, 
c = c( x, y, z) , it is reasonable to look for solutions that closely approximate 
plane waves, these solutions are slightly distorted by the index of refraction: 
N(x Y z) = ~ = k(x,y,z)co 
l l C\X,3/,ZJ W 
The local wave number k(x, y, z) also varies slowly with position and is related 
to the local sound speed through the extended dispersion relation: 
k(x, y, z) = c(x~,z) 
In a three dimensional region where the sound speed varies slowly with position, 
the wave equation can be written: 
The assumed quasiplanar wave solution can be written: 
p(x,y,z,t) = A(x,y,z)e'(wt-koW(x,y,z)) 
With the amplitude, A , and the phase function, W coping with the slow 
variability. Substituting this solution into the acoustic wave equation leads to: 
separating this into real and imaginary parts gives: 
V2 A - k;A(VW) 2 + ~~A= 0 
0 
and: 2VWVA + AV2W = 0 
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The first equation can be rewritten: 
Al2 v72 A - (VW)2 + N2 = 0 
0 
Now N = ~ varies slowly with position and its size is essentially 1 . The 
assumption of slow variation requires the assumption that the fractional cur-
vature, ~ 'v2 A , is small over a wavelength. This means that the phase 
0 
function, W(x, y, z) must satisfy the eikonal equation: 
Once the detail of the phase function, W(x, y, z) , is established using the 
real part of the wave equation, the imaginary part of the equation can provide 
information on the (slow) variation in energy density. 
Constant values of W(x, y, z) represent surfaces of constant phase or wave-
fronts. The normals to the wavefronts, defined as rays, are the paths of energy 
flux away from the source. A bundle of adjacent rays is known as a pencil of 
rays, within it the acoustic energy is constant along the propagation path. This 
is an important concept, since within ray theory there is no place for the effects 
of diffraction and scattering, since there can be no leakage out of the pencil 
(Apel, 1987). 
An advantage of the eikonal equation over the wave equation is that it does not 
depend on time (Apel, 1987). Also the propagation it describes is not dependent 
on frequency. There are certain limitations (mentioned previously) associated 
with the ray theory solution to the wave equations, these limitations present 
themselves in the form of sufficient conditions, which arise in the reduction 
from the wave equation to the eikonal equation. Kinsler et al (1982) describes 
33 
these conditions in detail, here they are outlined so as to provide insight and 
understanding. 
The first condition is this: 'the amplitude of the wave must not change ap-
preciably in a distance comparable to a wavelength'. This means that for a 
beam of sound traveling through a fluid the eikonal equation can be applied to 
the central portion of the beam where the wave amplitude, A , is not vary-
ing rapidly. However, at the edges of the beam, ' A may rapidly - O ' over 
distances of a wavelength, in which case the eikonal equation would no longer 
be valid. Failure of the eikonal equation means that diffraction of sound at the 
edges of the beam would occur. 
And the second condition: 'sound speed must not change appreciably in a 
distance comparable to a wavelength', means that the speed of sound must be 
slowly varying in space ( one of the assumptions mentioned) so that the local 
direction of wave fronts does not significantly change over a distance of one 
wavelength, in other words the refraction of a sound beam must not be too 
rapid. 
To summarize the sufficient conditions: it can be said that the eikonal equation 
is in general an accurate description of acoustic propagation in the limit of high 
frequencies (short wave length) - how high depends on the rapidity of spatial 
variations of sound speed and amplitude. 
The following discussion regarding the dispersion relationship has been adapted 
from Lighthill (1978), which provides an in depth explanation of the dispersion 
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relationship. The assumption that the wavenumber vector, ls.. , is assumed to 
vary only gradually on a scale of one wavelength, has been maintained from 
here onwards. 
Consider a three dimensional solution to the wave equation: 
p(x,y,z,t) = A(x,y,z,t)e',/J(x,y,z,t) 
where A(x,y,z,t) is a positive slowly varying amplitude and ¢(x,y,z,t) is a 
phase function. At a fixed point (x, y, z) the equation requires that the phase 
increases by 21r in one wave period, so that ~ can be regarded as the local 
frequency, w , in radians per second. Similarly, at a given time, t , ¢ shows a 
decrease with x at a rate equal to k1 , the x - component of the local wave 
number in radians per meter, with analogous results for y and z . 
8,J,, k . ay = - 2, * = -k3; if- = W 
Whenever the derivatives of a phase function, ¢ , satisfy a dispersion relation-
ship: 
w = w(k.) 
specifying the local frequency w as a function of the magnitude and direction 
of the local wave number vector, the value and the main properties of the vector 
group velocity can be deduced. 
The analysis that follows here is easier to follow and interpret if suffix nota-
tion and the summation convention are used. 
The phase can be written: 
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the phase equations: 
The dispersion relationship: 
becomes: 
8
"" = -k· and ~ 1 
w = w(k1, k2, ks) 
if =w(-3t,-3!;,-3!;) 
Differentiating the function w with respect to :c, gives: 
82v, ( aw )( -82 ,J,) 
8x-;at = 7i1ij ~
using the phase equations gives: 
£!i + U-(~) = O 8t 3 O:Z:j (The Three Dimensional Dispersion Rule) 
where: Ui = Bf is defined as the vector group velocity. This means that the 
J 
wavenumber vector, I£, is constant in changes satisfying ~ = U; . For exam-
ple, consider an observer watching a point (z1, z2, :ca) that is moving according 
to the group velocity, W = Uj . Then the three dimensional dispersion rule 
means that the observer will always observe waves of the same wavenumber, !£. 
Also notice that when k is constant then the group velocity U; is also constant. 
Thus the path: ~ = U; is necessarily a straight line, z; - Ujt = constant , 
traversed at a constant velocity Uj . 
This means that in a homogeneous system, waves of a given wavenumber vector 
k, are found at points moving at constant velocity U; , along such straight line 
paths Xj - Uit = constant, and there is a different path for each wavenumber. 
These paths in three dimensional systems are called rays. Thus sound waves 
with constant sound speed c0 and wavenumber vector k have frequency: 
W = c0 (k1 2 + k22 + ka2)f 
so: Uj = Cok;(ki2 + k2 2 + ka2rt 
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This group velocity vector has constant magnitude Co and is directed along the 
wavenumber. 
3.4 Ray Tracing 
At this stage it has been established that the eikonal equation is time and fre-
quency independent. The purpose of introducing the eikonal equation was that 
it leads to a set of first order ordinary differential equations which describe the 
path of individual rays as they propagate through the ocean. These equations 
can be integrated, and given an initial sound speed or the index of refraction, 







Figure 3.2: Direction Cosines, Giving The Direction To A Ray, s, And A 
Constant Phase Front, W (Apel, 1987) 
Consider figure 3.2, by labeling the distance along a ray path by coordinate s 
the way v'W changes along a ray path are determined by the vector differential 
8 b_!V . v'W determines the direction of the normal to the wave front, where: 
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or: aw - aN· "F:c- ' 
VW = NCa,/J,1) 
aw -{JN· ;- , ~=1N 
( a, /3, i) are the direction cosines to the normal. Both N and a, /3, "Y vary 
slowly, but: 
a2 + 132 + ,2 = 1 is fixed. 
The ray equations arise from the variations of VW along the ray path, with 
distance s along the ray path in the direction of the normal. 
Consider: 
f. = [Ca,/3,;)V] = Ca/;+/Jlv+1/;) 
Applying this to each component of VW ,.starting with ~'!' = aN 
lhs: f.(~) = (a/;+ !3/v + ;/;)C~) ·: 
_ a caw)+ /3 a caw)+ 8 caw) - aa; ~ 8Ji ~ 1a. 1fi" 
a aw a aw) a Ca.w:) ·· ···· = aa;( ~) + /3a;C "'8Ji" + 15 7h 
rhs: f.CaN) = a/;CaN) + !3/v(aN) + 1/;CaN) 
= a/;(aN) + f3/;(/3N) + 1i;(1N) 
So: 
similarly: 
_ aN -~ 
a (aN) = aN a. ~ 
8 C/3N) = 8N a. Bi 
a (;N) = aN a. 8z 
(Ray Equations) 
These equations are known as the ray equations and an important application 
of the ray equations is refraction. Refraction is the bending of sound waves as 
a result of velocity changes accompanying temperature and pressure changes 
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. .:.., \' ',~ '· 
(Seto, 1977). Throughout the ocean, in both the vertical and the horizontal 
planes, there exists a high degree of variability, especially temperature variability 
and this implies a high degree of variability in the sound speed field. Under-
standing the mechanism of refraction through a varying ocean is a prerequisite 
to considering the effects of oceanic features, for instance ocean currents and 
eddies, on acoustic propagation through them. 
Here the ordinary differential equations derived from the eikonal equation, known 
as the ray equations, are used to show how the path a ray takes when prop-
agating through a variable medium can be determined. A useful consequence 
of the ray equations, is Snell's law. This is a powerful statement concerning the 
direction of propagation of a ray, it states that the direction of propagation, 
taken as 8, for a ray is uniquely determined. 
z 
X 
Figure 3.3: Diagram Used To Derive Snell's Law 
Consider the two dimensional case: x and z, where x and z could be the vertical 
or horizontal plane ( refer to figure 3.3), and using the ray equations: 
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Let: N be a function of z only: => ~'; = 0. 
And ignore the third equation in y. 
Let: (} := angle of ray with x - axis. 
a : = ~: = cos B 
From the ray equation: (BaN) - aN {:} (BNcosO) = O 
8s - ax 8s 
=> 
But: 
N cos B is constant along any ray. 
N=~ 
ClZ) 
c9c(~) 6 = constant = cos B0 (say) 
co~060 = ~J:~ (Snell's law) 
The relationship, Snell's law, can be used to construct the path of a ray starting 
at an angle, B0 , where the sound speed is c0 , and progressing through the 
medium, where the sound speed is c( z) . This corresponds to the theory used 
for range dependent models which were described in section 2.2. 
Consider the vertical plane and choose c0 to coincide with the point at which 
the sound ray is horizontal. Then, by Snell's law: the angle associated with 
any other point along the ray is given by: 
(cos O = 1) . 
cos O = cos 09 = .!. => cos(} = .s.. 
C Co Co Co 
This means that at any point in the medium the angle the ray makes with 
the horizontal is the arccos of: 'the ratio of the local sound speed to the speed 
at depth at depth where the ray is horizontal'. Also, the local sound speed on 
the acoustic ray is always less than the value of c0 ( since I c: I~ 1 ). This is 
a far reaching result, it means that for any acoustic ray propagating through a 
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medium, the ray always bends towards the region of decreasing sound speed. 
When performing ray tracing complicated sound speed profiles {in the verti-
cal or horizontal plane) are usually separated into segments, each short enough 
that the sound speed gradient may be considered constant over its length. The 
advantage of this is that the path of a sound ray through a layer of water of 
constant speed gradient, g say, is the arc of a circle. To show this consider 
a medium in which sound speed is a linear function of depth. {This theory is 
equally applicable in the vertical and horizontal plane, and is described here in 
the vertical plane because of the way that the ray tracing method is demon-
strated hereafter.) 
8z 
Figure 3.4: Diagram Used To Derive The Radius Of Curvature (Burdic, 
1984) 
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So: c(z) = c0 + g.z 
Differentiating this gives: 8c = goz 
Where: c0 := speed at reference depth ( z = z0 ) 
g := sound speed gradient 
z := depth below the reference depth 
Differentiating cos(} = ..£. gives a relationship between an incremental change 
Co 






= - sin ()8() 
- sin(}{)(} 
This equation describes the type of curve followed by an acoustic ray in a con-
stant sound speed gradient medium. 
Consider the vertical motion of a point moving on the arc of a circle of ra-
dius R ( see figure 3.4 ). Then the relationship between: angle (J , arclength 8s 
and vertical distance oz, is: 
oz sin Bos 
But: OS RoO 
=} oz = R sin(}{)(} 
But previously: gaz 
Co = - sin(}{)(} 
So R _f!;I. - __ c_ g - gcosO 
For a region of ocean where the velocity variation is linear, which means that 
the sound speed gradient is constant, 
R = - gc~s(J is constant. 
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Hence R describes a radius of a circle, and the path of a sound ray in a linearly 
varying sound speed profile is an arc of that circle. This means that an acoustic 
profile which decreases with depth results in a positive radius of curvature and 
the ray will bend downwards. Conversely a sound speed that increases with 
depth results in a negative radius of curvature and the ray will curve upwards. 
The result of this is that sound rays oscillate about the sound channel axis. 
Above the sound channel axis the sound speed gradient is positive, which results 
in the ray path curving downwards towards the sound speed axis. Alternatively 
below the sound channel axis the sound speed gradient is negative and the rays 
are refracted upwards towards the sound channel axis. Thus the sound speed 
minimum causes the ocean to act as a lens, which has rays, above and be-
low it, continuously refracting back towards the depth of the minimum sound 
speed. The region within which the sound rays are refracted back towards the 
minimum sound speed is called the deep sound speed channel or the SOFAR 
(SOund Fixing And Ranging) channel. 
The fact that the physical properties of the ocean give rise to the sound speed 
channel is highly significant for long range sound transmission through the 
ocean. Sound rays are trapped within the sound speed channel and the acoustic 
energy can travel over vast distances, through the open ocean, without inter-
secting with either the ocean surface or the ocean bottom. 
The two dimensional environment that was described in this section, where 
the ocean is horizontally stratified and the only variation occurs in the vertical 
plane, gives rise to range independent models, which were defined in section 2.2. 
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Range independent ray tracing models are easy to formulate using the ray trac-
ing equations, Snell's law and the radius of curvature. (This theory is equally 
applicable to the two dimensional, horizontal environment, and useful when an-










Figure 3.5: Diagram To Determine The Ray Tracing Procedure (Burdic, 
1984) 
Considering figure 3.5 and a ray with start position at [1] and direction of 
propagation 01 . The maximum height reached, above the initial position, by 
the ray is: h = R(l - cos B1) , where: R = - gc~~ 81 • The cord length is 
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given by: l = 2R sin (Ji , l is the horizontal distance from the source to the 
point where the ray returns to the starting depth. 
For arbitrary points: [2] and [3] : 
oz = R( cos 83 - cos 82) = 
ax R(sin 82 - sin 83) 
These equations can be used to trace a ray through a medium which varies in 
two dimensions. Burdic (1984) contains a worked ray tracing example, which 
makes use of these equations. 
Within an undisturbed ocean the temperature field, and hence sound speed 
field, has a high degree of stratification with depth, and since isotherms are 
nearly parallel to the horizontal plane this structure is known as horizontal strat-
ification (Weinberg, 1978). However while the underlying ocean is horizontally 
uniform it does consist of a number of anomalies, for instance ocean currents 
and eddies. From previous theoretical and experimental evidence it is known 
that these features have a significant effect on the sound propagation through 
them. This is due to variations in the acoustic field within the disturbances, 
primarily because of their anomalous temperature structure and the fact that 
their perimeters act as ocean fronts. 
An ocean front, defined in terms of ocean acoustics, is a discontinuity within 
the sound speed field which significantly alters the sound propagation pattern. 
An ocean front can be responsible for changes in sound speed of the order of 
thirty meters per second and a variation in sound channel depth of the order of 
750 m . These variations result in refraction of a sound rays as they cross an 
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ocean front obliquely. (Etter, 1991). 
Usually when one thinks of an ocean front one considers for example a con-
vergence zone. However the perimeter of ocean currents and mesoscale eddies 
represent a form of ocean front, since they are separate water mass entities 
contained within their own circulation and surrounded by water with different 
characteristics. 
In the same way that rays bend towards the sound speed minimum in the 
vertical, so rays refract towards lower sound speeds in the horizontal. This has 
to be taken into consideration when analyzing the results of propagation studies 
through features such as currents and eddies. 
3.5 Hamiltonian Ray Tracing 
In this section the theory of ray tracing, which has been developed previously 
in this chapter, for a homogeneous environment (that is a stationary and lin-
early stratified environment) is generalized. Lighthill (1978) provides the link 
between the generalized ray tracing equations and Hamilton's equations for a 
conservative dynamical system. An outline of Lighthill's work is given here and 
the Hamiltonian ray equations are derived. The theory is then extended fur-
ther and the Hamiltonian ray tracing equations for sound propagation through 
a current are derived. 
In this section, to assist the explanation, the suffix notation introduced in sec-
tion 3.3 is used again. Once again waves where the wavenumber vector, 1£. , 
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varies only gradually on a scale of a wavelength are considered. 
In a homogeneous system this would permit the use of a standard form for 
waves: 
The phase function, 1P satisfies the following phase equations: 
8VJ = -k· and aii 1 8t/, -w-w 
The local frequency , w , and the wavenumber vector, ! are connected by a 
dispersion relationship: 
In a non-homogeneous environment, that is within a moving environment, the 
time derivatives change to reflect the Doppler shift. The new time derivatives 
are of the form: (,ft - V.v') (Apel, 1987), giving the continuity equation: 
;)-ft - V.v')p = -v'.1! 
and the force equation: 
which gives: 
and introducing the sound speed, c , gives the acoustic wave equation in a 
moving environment as: 
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In a non homogeneous system the same form of solution for the wave equation as 
mentioned previously is appropriate, provided that the fluid properties defining 
the dispersion relationship also vary slowly on a scale of wavelengths {for example 
the refractive index, N ). This allows the waves to have the same phase 
equations as previously but w specified for a given ki in a way that varies with 
position as well, so: 
In a region where c is locally fixed, c = c0 , a solution of the form above is a 
good approximation in a moving environment provided: 
which is a Doppler shifted dispersion relation. 
However in a region where A, V and c are all slowly varying {that is they 
can be treated as constants when taking derivatives) the solution is of the form: 
p = Aei(wt-koW) 
with a dispersion relation: 
An extension of the previously defined refractive index, N , to a vector form, 
N = (aN,fjN,;N) is introduced and 'vW = N. Now this vector form must 
also incorporate the Doppler shift and becomes: 
N vw = 1-.lvvw1 Co-
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As shown in section 3.3 locally the energy propagation velocity has approxi-
mately the value U; = g;: . 
J 
In a non-homogeneous system wave energy propagated at this group veloc-
ity is expected to suffer refraction, that is changes to the wavenumber due to 
non-homogeneity. 
From the phase equations: 
Differentiating this with respect to x; gives: 
a2v, ( aw )( -a2,t,) aw 
~= Fki ~+~ 
=> ~ + U;(~) = -1£ 
Here the left hand side represents the rate of change of ki with time at a 
position working with group velocity U; , that is changes satisfying ~ = U;. 
In changes like these 
£!i _ -aw 
at - a;;;· 
This equation specifies the refraction of wave energy, that is the rate of change 
of wavenumber along paths traversed at the energy propagation velocity, U; , 
that is along rays. The equations governing these in general curved rays take a 
Bx· U · · more symmetrical form if 'if = ; is written: 
£B. - aw at - ~ 
While refraction in a nonhomogeneous system is expected, the frequency w 
should remain unchanged. In order to prove that w remains constant along a 
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ray it is shown that the rate of change of w with time for arbitrary rates of 
change of ki and Xi 1s zero. 
Since: 
and 
aw = ( aw )(f!.s.) + ( aw )(£.a) = 0 Tt a;;; at ax; at 
~-_aw 
at - ax; 
Qa _ aw 
at - a;;; 
These last two equations parallel the characteristic form (symmetric except for a 
'- sign') of Hamilton's equations, for a conservative dynamical system, exactly. 
Written in terms of the Hamiltonian function: 
which is the systems total energy (kinetic and potential) expressed as a function 
of generalized coordinates q1 , q2 , ••• qn and associated generalized momenta 
P1,P2, .. ·Pn . Hamilton's equations then take the form: 
~-_aH at - 8q; 
£9.i. _ 8H 
8t - 8p; 
(Hamiltonian Equations) 
for i = l .. . n 
The previous equations were of this form, for i = 1 ... 3 and ki , Xi and w 
replacing Pi , qi and H respectively. The verification that w remains constant 
along a ray is an exact parallel to the standard verification that for any solution 
of the equations of motion the total energy, H remains constant. 
Notice that the Hamiltonian ray tracing equations: 
f!.s. __ 8w 
at - 8x; 
Qa _ aw 
at - 8k; 
(Hamiltonian Ray Equations) 
for i = l ... 3 
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are already in a form suitable for the application of standard computer routines, 
for ordinary differential equations, to obtain their solutions under a wide variety 
of initial conditions. In such computations the fact that w remains constant 
along a ray can be used as an accuracy check. 
At this stage the general theory of ray tracing is extended to wave propaga-
tion through a fluid in motion. The basic assumption, that the flow field and 
properties that influence the waves in a fluid at rest vary gradually on a scale of 
wavelengths, is kept for this derivation. Here the concern is wave propagation 
through a non-uniform flow, such as a current. At each point, as sound prop-
agates through the current, a frame of reference can be chosen so that locally 
there is no mean flow and the waves are propagating through the fluid at rest. 
However the frame of reference is different at different points and therefore 
modifying the energetics of wave propagation. 
Let V = (V1, l'2, V3 ) represent the mean velocity field through which the 
sound waves would propagate. Consider a local frame of reference, moving at a 
particular value of the mean velocity flow, then within that frame of reference 
there is locally no current and the waves have frequency: 
This frequency, Wr , is appropriate to a fluid at rest, and is the frequency of 
the motions relative to the local mean velocity. 
Assume that the properties of the fluid vary so gradually that only their lo-
cal values effect the local dispersion relationship. Also assume that changes in 
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the mean flow within a wavelength are so slight that they effect the dispersion 
relationship negligibly. 
A simple relationship exists between the absolute frequency w (frequency of 
oscillations occurring at a fixed point in space) and the relative frequency Wr 
(frequency of oscillations occurring at a point moving with velocity V ). 
In terms of a phase function ¢( xi, x2, x3, t) the absolute frequency w and 
wavenumber vector ki are given by its partial derivatives: 
The relative frequency, Wr , is the rate: 
changes for a point moving with velocity V 
i + VJ:£ at which the phase 
J 
~ Wr = W - Vjk;. 
This relationship relates the frequencies of the same wave in two different frames 
of reference and is called the Doppler relationship. 
For sound waves whose wavenumber vector, 1£ (perpendicular to the wave 
crests), makes an angle, </> , with the current velocity V; , the usual relation-
ship: 
satisfied by Wr 
1 
~V;k; = V(k1 2 +k22 +k32)2 cos</> 
= Wr ( ~ )cos</> 
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.. 
where V is the current speed. 
Now: Wr = w - V;k; 
=> w = k;V;(x1,x2,x3) +wr(k1,k2,k3,x1,x2,x3) 
From the generalized Hamiltonian ray tracing equations the velocity, ~ = ai~ 
of a wave packet along its ray becomes: 
~ _ TT, + ~ - TT, + TT, 
at - Yi ak; - Yi V1 
That is the vector sum of the current velocity and the group velocity in a fluid 
at rest. Also, in a current the equation governing refraction, ~ = -8£ takes 
the form: 
~=-k·~-~ cJt J 8x; Bx; 
The first term represents refraction due to the current gradient and the second . . 
term due to changing fluid properties (such as N ). 
In conclusion the generalized Hamiltonian ray tracing equations for sound prop-
agation through a fluid in motion are: 
£5.- -k-~- ~ at - , ax; Bzi 
~-v.+~ at - 1 ak; 
(Hamiltonian Ray Tracing Equations In A Curre~ 
for i = 1. .. 3 
As in the generalized theory, the result : !/Jr = 0 shows that the frequency w 
remains constant along rays, however the relative frequency Wr may vary, m 
fact: 
~ = (~)(~) + (tf)(~) 
- -fl·k·~+v.~ 
- 1 J 8x; • ax; 
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Two examples using the Hamiltonian ray tracing equations in a current are 
given. In order to separate the current velocity and sound speed effects a re-
gion with a fixed sound speed is considered .. The purpose of these examples 
is to illustrate the effects of a velocity structure on sound propagation through 
' ' ~· :,;,~.,4"•,.' ' 
them and thus provide insight to the results for the vel.c,city only scenario's pre-
sented in Chapter Six. However it must be mentioned that the model used, 
}'···, 
rl.A'RPO , can include both the velocity and sound speed structure associated 
with mesoscale current features and thus provide more realistic scenario's. 
Consider a region with a fixed sound speed, then: 
Wr 2 = Co(&..£) 
~ f:,- = 0 and ~ = Co Jh 
Example 1: Firstly consider a zonal current of_the form_ V = {O, V2(x1), 0), 
where (x1,x2,x3) = (latitude,longitu.de,depth) :_ 
then: 
and: 
~ = 0 "-:..1;'/t. --· 
~ =V2+cojii 
't f; ! • ,' 






These equations demonstrate that while the sound wave remains in its initial 
.... · 
direction (that is ls. remains unchanged} the wave is refracted by the current. 
The zonal current is extended to a vertically sheared zonal current of the form 
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V = (0, Vi(x1, x3 ), 0) , which represents the current through which sound rays 
were propagated for this experiment. A full description of the current is given in 
Chapter Five, and the sound propagation results through the current are given 
in Chapter Six. If V = (0, V2(x1, xa), 0) 
then: 
and: 
& = -k £Yi at 2 ax1 
~ - C -4.=,. 
at - 0 y1Js..Js. 
~=0 
~=Vi+cojh 
lli = - k £Yi at 2 axa 
a=c~ 
at O y1Js..Js. 
If the initial wave front direction is again taken to be {k1, 0, 0) then k2 is 
always zero, since * = 0 and the equations reduce to those of the scenario 
above, that is sound propagation through a zonal current with the initial direc-
tion remaining constant and refraction in the horizontal plane occurring. 
Suppose the initial ray is not perpendicular to the current, for example an 
initial wave front direction of ls.. = (k1, 0, ka) , then the wave front direction 
will still be conserved but refraction would occur in both the horizontal and 
vertical planes, that is: 
~-c~ 
at - 0 y1Js..Js. a=c~ at O v'k-!s. 
Finally suppose the initial non-perpendicular direction of the wave front is ls..= 
( k1, k2, 0) then since k2 =/- 0 the wave front direction is not conserved and 
varies as the ray travels through the current. This follows since while the value 
of k2 remains constant the values of k1and ka vary with time, that is: 
!lli. - k £Yi 
at - - 2 8x1 &-o at -
Once again refraction occurs in both the horizontal and the vertical planes: 
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£El. - C 2l.._ at - o vU ~ v+ ~ at = 2 Co y'fi.fi 
Example 2: Secondly consider a horizontal current of the form: 
where ( x1 , x2, x3 ) = ( depth, latitude, longitude) . This current is a general-
ized form of the equations used to describe the anticlockwise vortex through 
which sound rays were propagated for this numerical experiment. A detailed 
description of the vortex and its equations are presented in Chapter Five and 
the sound propagation results are presented in Chapter Six. 
If V = (0, Vi(x1, x2, x3), V3(x1, x2, x3)) 
then: 
and: 
£h - -k £!:.. - k £YJ. at - 2 ax1 3 ax1 
£El. - C 2l.._ at - o vU 
& - -k £!:.. - k £YJ. at - 2 ax2 3ax2 
~=V:+c~ 
at 2 o v' fi.fi 
& - -k £!:.. - k £YJ. at - 2 ax3 3axa 
~-v+ ~ at - 3 Co vfJ_ 
Suppose this current is confined in the horizontal and vertical planes so that 
the initial ray is outside the feature and suppose the initial wavefront direction 
is k = (0, k2, 0) 
then: 
and: 
& - -k £!:.. at - 2 ax1 
£El. - 0 at -
& = -k fil1 at 2 Bx2 
~-V:+c at - 2 o 
&- k£li at - - 2 axa 
~-TT 
at - v3 
These equations show that once the ray enters the current the wave front di-
rection varies continuously and refraction occurs in the horizontal plane. 
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Chapter 4 
THE AGULHAS CURRENT 
REGION 
This thesis is concerned with the modeling of acoustic propagation through the 
Agulhas Current region. The area of interest, south of Africa, contains the Ag-
ulhas Current System. The oceanography of the Agulhas Current System has 
been examined by many researchers, a comprehensive source book containing a 
number of papers was compiled by Lutjeharms {1983). The location and fea-
tures of the Agulhas Current System are described in this chapter, in order to 
provide the setting for the acoustic modeling which follows. A basic understand-
ing of the real environment is necessary to provide a realistic model environment. 
This location is of particular interest to acoustic oceanographers because of the 
high degree of variability found there. There are two distinct types of variability 
found within the region: firstly that variability associated with semipermanent 
features of the Agulhas Current System, for example the Agulhas Current, the 
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Agulhas Return Current and the Retroflection, while the position of these fea-
tures does not vary very much in time the features themselves are in continuous 
motion. The second type of variability found in this region is associated with the 
prolific mesoscale eddies, not only are these features constantly varying position, 
they are also in continuous motion, yet they still maintain there definition over 
a long time scale. 
4.1 Geographical Location 
Figure 4.1: Map Showing The Location Of The Agulhas Current Region 
The area of interest is the large area south and east of southern Africa (see 
figure 4.1) which contains the Agulhas Current System, this is a large circulation 
which can be divided into four main sections (Van Foreest, 1977): 
• The Source Region: including part of the Mozambique channel, at about 
20°s; 
• The Agulhas Current: which flows in a south westerly direction along the 
south east coast of Africa; 






• The Return Current: between 40° S and 41 ° S . 
The eastern boundary of the current system defined by Van Foreest (1977), was 
45° E , since to the east of this recycling between the Agulhas Current and the 
Agulhas Return current seemed to occur. 
4.2 The Topography Of The Region 
The bottom topography of this region is important, because it has a direct in-
fluence on the flow pattern of the Agulhas Current System. A map containing 




l . a 
:e~,.!.' N, 
l . . -= - ' 
25' 3S" 
Figure 4.2: Map Showing The Topography Of The Region 
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One of the most important features of the bottom topography is the narrow, 
almost shear edged continental shelf along the east coast of southern Africa. 
South of Port Elizabeth the continental shelf widens out to form the Agulhas 
Bank. Other important topographic features, that directly influence the flow 
within the Agulhas Current System are the Agulhas Plateau, at 40° S , and the 
Mozambique Ridge and Madagascar Rise, which also extend to 40° S . 
4.3 The Course Of The Agulhas Current System 
The Agulhas Current System forms part of the South West Indian Ocean Circu-
lation. A schematic diagram demonstrating the course of the Agulhas Current 
is included, refer to figure 4.3. Water from the South Equatorial Current flowing 
through the Mozambique Channel and water flowing down the East coast of 
Madagascar combine together to form the origin of the Agulhas Current, north 
of Durban. 
Between Durban and Port Elizabeth the current reaches its full stature as re-
gards volume flux and velocity ( Lutjeharms, 1981 ). The current is a typical well 
developed western boundary current flowing close to the shore (Pickard and 
Emery, 1990). The course of the Agulhas Current is strongly dependent on the 
bottom topography. The continental shelf is relatively narrow in this region and 
the shelf slope is steep. The core of the current is deeper than the continental 
shelf and the current is therefore forced to flow parallel to the coastline on the 
seaward side of the shelf. As the bottom topography becomes more aligned in 
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Figure 4.3: A Conceptual Representation Of The Agulhas Current System 
And Surrounding Mesoscale Features. Important Oceanographic Features 
Are Labeled As: A - An Agulhas Ring Shed From The Agulhas Retroflection; 
B - Agulhas Eddies Moving Into The South East Atlantic Ocean; and C -
The Agulhas Current Retroflection Loop ( adapted from Van Ballegooyen et 
al 1991) 
Further downstream from Port Elizabeth the continental shelf widens, into the 
Agulhas Bank, this causes the current to diverge away from the coast. As the 
current moves away from the Agulhas Bank, south of Africa, it undergoes an 







The retroflection has been observed by several authors (Grundlingh, 1978; Lutje-
harms, 1981) and is particularly apparent in infra-red satellite images, which are 
becoming readily available to oceanographers as an observation tool. The Ag-
ulhas Retroflection does not follow any consistent path, it is a semi-permanent 
feature that exhibits considerable spatial variability and does not have a fixed 
position, typically it has a longitude of between 13° and 22° E . The region 
of the Retroflection is recognized as one of the most highly variable regions of 
the world oceans. 
The area of the retroflection is one of extreme current variability and flux. 
In this region interaction takes place between the large scale currents of both 
the Atlantic and Indian oceans, as well as the West Wind Drift which flows from 
west to east in the Southern Ocean. The result is a confined area of relatively 
high dynamic variability. A number of investigations have been devoted to the a 
detailed description and explanation of the local mesoscale features, which are 
a direct result of this variability. Section 4.5 includes a discussion on mesoscale 
eddies within this region. 
Grundlingh (1978) describes the drift pattern of a buoy released into the south-
ern Agulhas Current. The buoy traveled in a south westerly direction, with the 
Agulhas Current, until it reached the Retroflection area south of Cape Town. 
Here the current underwent a severe deflection of about 135° . Having twisted 
through the retroflection the current flows eastwards, as the Agulhas Return 
Current, forming the northern border with the Antarctic Circumpolar Current. 
According to Grundlingh (1978) the Return Current is practically zonal, with an 
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axis at approximately 40° S . 
However as the current flows towards the east a number of topographically 
induced meanders occur. Specifically, as the current flows towards the east it 
encounters a large obstruction in the form of the Agulhas plateau, which rises to 
within 1500 m of the sea surface. The effect of a sudden decrease in depth on 
an relatively deep eastward flowing current is to deflect the path of the current 
towards the equator. As the current returns to deeper water so it is deflected 
back to its previous latitude. In this way a planetary wave is set up (Grundlingh 
and Lutjeharms, 1978). So the Return Current describes a series of meanders as 
it coincides with important topographic features - such as the Agulhas plateau, 
the Mozambique ridge and the Madagascar rise. 
It is interesting to observe the rapid decrease in velocity of the Return Cur-
rent as it flows towards the east (Grundlingh, 1978). The drift speed of a 
satellite tracked buoy decreased from 1.30 m.s-1 at 15 - 25° E to a much 
lower value of 0.40 m.s-1 at 55 - 63° E . 
Satellite photographs, mentioned previously, are becoming more available to 
oceanographers and are being used more and more to plot the course of ocean 
currents. The following figure ( figure 4.4) is a satellite photograph which clearly 
demonstrates the usefulness of these images when observing the course of the 
Agulhas Current. 
The NOAA AVH RR satellite image, in figure 4.4, was taken using an infra-
red sensor on 24 March 1992. The image data was received and processed at 
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the Satellite Application Center of the CSI R. The image was calibrated to rep-
resent the sea surface temperature at that time, warm water has been depicted 
dark and cool waters light. The white areas over the southern areas of the 
image and over the subcontinent are indicative of cloud cover. 
The warm ( dark) Agulhas Current can be clearly seen as it traveled down the 
east coast of Southern Africa, diverging away from the subcontinent downstream 
of Port Elizabeth. The retroflection south west of Cape Town is clearly visible 
in the satellite image, and a ring, warmer than the surrounding waters, which 
would have budded off the Agulhas Current System can be seen to the north 
west of the retroflection. The Agulhas Return Current can be seen just north 
of the cold waters of the Antarctic Circumpolar Current. In the region of the 
Agulhas Plateau the topographically induced meander, mentioned previously is 
visible, as well as a distinct warm core eddy within the cooler waters that have 
intruded from the south onto the Agulhas Plateau. 
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~JOAA AVHRR image received and processed by the SATELLITE APPLICATIONS CENTRE of the CSIR. 
NOAA 11 AVHRR Channel 5. 
Image date and time: 920324 at 1356142. 
This image has been calibrated for sea surface temperature 
and geometrically corrected to a MERCATOR projection. 
The !leala bar 5hown b11Low 15 eorn1ct in tha Ea11t~st chrectton st l•t1tuc:I• -zs· onlw, 
Figure 4.--1: Satellite Photograph Demonstrating The Course Of The Agulhas 
Current 
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4.4 Characteristics And Structure Of The Agulhas Cur-
rent. 
The Agulhas current is a typical warm core western boundary current bringing 
warm water from the tropics to the south east coast of Africa. It forms part 
of the Western Boundary current system of the south east indian ocean and 
is therefore dynamically similar to the Gulf stream and Kurishio system. The 
Agulhas current is characterized by a warm fast flowing central filament, where 
speeds up to 2.5 m.s-1 have been recorded, with the current decreasing grad-
ually as one travels away from the central filament (Grundlingh, 1977). The 
current is typically narrow, with a width of about 100 km and has a transport 
reported to average 50 Sv and rise to as much as 80 Sv (Pickard and Emery, 
1990). 
The current consists of three distinct regions (Pearce, 1977): 
1. The Western Boundary Of The Current: the inshore, cyclonic shear region, 
with relatively high thermal and velocity gradients separates the current 
from from cooler water on the continental shelf. 
2. The Current Core: a warm, high speed, > 1 m.s-1 filament with a peak 
speed of 2.5 m.s-1 (Grundlingh, 1977). The highest surface tempera-
tures are typically associated with peak current speeds. 
3. The Eastern Boundary Of The Current: offshore, anticyclonic region, the 
temperature and velocity are much lower than in cyclonic shear region. 
A case study is provided here in order to demonstrate the main features of the 
current (see figure 4.5). A cross-section of CTD (Conductivity, Temperature, 
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Depth) data from the KNORR 104-5 Agulhas Retroflection Cruise was used, 
taken from Camp et al (1986). The figure includes temperature, salinity and 
sound speed profiles, as well as a map showing the corresponding cruise track. 
The cross-section, from stations (48) - (58), began at a latitude of about 35° S 
and extended to a latitude of 42° S , it includes a cross section through both 
the Agulhas and Return Currents. At this stage in the current circulation the 
current has started to move away from the sub-continent. The core of the Ag-
ulhas current, in this example, is at 37° S and the Return current core at 39° S . 
The depths of the profiles extended to 1500 m . The temperature and salinity 
were shown to increase in the region of both of the currents, resulting in a 
corresponding increase of sound speed in these regions as well. In the figure 
the downward forcing of the sound speed minimum, due to the overlying warm 
water, is clearly evident. The sound channel has deepened from 750 m to 
approximately 1500 m for the Agulhas Current, while the sound speed in the 
current core has increased by approximately 10 m.s-1 . In both the Agulhas 
and the Return currents the temperature, salinity and sound speed contours 
were steeper and closer together on their inshore edges than on their offshore 
edges, this indicates the shear region which was discussed previously. The depth 
and intensity of the parameter gradients are not as pronounced in the Return 
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Figure 4.5: Cross-Section Through The Agulhas And Return Currents, 0 -
1500 m Depth (Camp et al, 1986) 
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4.5 Mesoscale Features Within The Region 
The region of the Agulhas Current system has been observed to be rich in 
mesoscale features. Eddies and other mesoscale disturbances to the average 
flow of the current system have been observed in all areas of the region, they 
have been tracked by buoys, observed in hydrographic sections and traced using 
satellite imagery. They have also been found to be the main disturbance to the 
general flow in the south west Indian Ocean. Grundlingh M.L. {1983) provides 
an essay on mesoscale eddies within the Agulhas Current system, and is used 
as a reference throughout this section. 
Eddies are important to ocean dynamics for a number of reasons. Apart from 
influencing the behavior of ocean currents they carry vast amounts of heat, 
which may influence local weather and climate. Also eddies are responsible for 
the transport of large amounts of organisms from one ocean area to another 
and thus dispersing biota. 
Eddies in this region are formed by a number of processes and for this rea-
son there are no 'typical' features but rather a variety of dynamic mesoscale 
features, which occur throughout the course of the Agulhas Circulation. These 
eddies can be cold cyclonic or warm anticyclonic features, with diameters of up 
to 200 km and extending to 2500 m in depth. 
Upstream of Port Elizabeth the position of the Agulhas Current is very sta-
ble, demonstrating little meandering from side to side. Its inshore front is sharp 
and except for small shear eddy features usually stable. These small eddies are 
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formed by a process of vortex shedding and are mostly confined to the conti-
nental shelf. These eddies have a diameter of between 20 and 30 km wide, 
and surface velocities of up to 1 m.s-1 . South of Port Elizabeth where the 
continental shelf widens and the current moves away from the coast shear eddies 
are formed, due to the friction between the fast flowing current and the almost 
stagnant water on the continental shelf. 
Periodically, as the current travels through the highly variable retroflection re-
gion, the retroflection becomes occluded and large warm core rings are shed 
from the western termination of the retroflection region, from there they drift 
into the South Atlantic Ocean. These rings quickly lose their surface tempera-
ture expression, but they retain their deep thermal and acoustic characteristics 
as they move into the South Atlantic Ocean (Krige and Brundrit, in press). 
A number of eddies formed in this way have been observed and can now be 
tracked using satellite imagery. Grundlingh (1983) discusses a characteristic 
eddy in this region, centered at ( 40° S, 15° E) , with a diameter of between 
150 and 200 km and extending to a depth greater than 2000 m . The surface 
velocities of eddies such as these is in general greater than 1 m.s-1 . 
As the current travels away from the retroflection region, as the approximately 
zonal Agulhas Return Current, it encounters a barrier in the form of the Agulhas 
Plateau. As the current meets the plateau it experiences a strong northward 
deflection, when it reaches deeper water north of the plateau it is deflected back 
to its original latitude, of 40° S , on the eastern side of the plateau. Similar 
large topographically induced meanders occur at the Mozambique Ridge (and 
further east at the Madagascar Rise). Intense shear forces exist between the 
72 
north and southward flowing meanders of the Return current, this results in 
the formation of a number of highly variable eddies within this region. The 
northward intrusion of cold water as a consequence of the topographically in-
duced eddies, results in nutrient rich cold waters from south of the subtropical 
convergence to be introduced into this area. 
In summary, there are three main types of mesoscale feature within the Ag-
ulhas Current region: shear edge eddies on the landward side of the Agulhas 
Current, those which are the result of large meanders becoming occluded in 
the retroflection region and those which are topographically induced along the 
subtropical convergence. 
A similar case study, to that in the previous section, section 4.4 is provided 
here, this time demonstrating the characteristics of a mesoscale feature within 
the retroflection region ( refer to figure 4.6 ). This figure includes the temper-
ature, salinity and sound speed profiles as well as a map showing the cruise 
track through the feature. Comparable changes to the sound speed minimum 
beneath the Agulhas Current can be seen. 
The feature had a diameter just slightly larger than one degree of latitude 
(approximately 111 km), centered at about (38°S; 15°E). The profiles extend 
to 1500 m , clearly the feature extended to deeper than this. The surface 
temperature, of approximately 18°C is lower than that in the Agulhas current 
case study, but it is clearly warmer than the surrounding waters. This feature is 
symmetric and as in the case of the warm currents the sound speed minimum 
is forced downwards by a substantial amount. 
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Figure 4.6: Cross-Section Through A Mesoscale Feature In The Retroflection 
Region, 0 - 1500 m Depth (Valentine et al, 1988) 
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The purpose of this chapter is to describe a number of model environments 
which were used to simulate aspects of the real ocean environment. A variety 
of environments are introduced in order to consider the effects different oceanic 
features have on sound propagating through them. 1tARPO - 'a Hamiltonian 
Acoustic Ray tracing Program for the Ocean' {Georges, Jones and Lawrence, 
1990; Jones, Riley and Georges, 1986 )and its associated environmental sub mod-
els were used to define environments specific to the Agulhas Current region. 
A detailed description of each submode! is included in the last section of this 
chapter. The submode! equations were taken directly from the 1tARPO manual. 
The model parameters are shown within the text in order to describe the fea-
tures within the model environments. The model equations corresponding to 
the input parameters are included into the last section of this chapter for com-
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pleteness and the reading of the last section is not required for an understanding 
of the numerical experiments or results, which are described in Chapter Six. 
5.1 The Location Of The Experiment 
An ideal position for an acoustic receiver is one fixed within the sound channel 
within the deep ocean. Another important factor is that the station be close 
to the coast so that the amount of cable required to reach the shore is a min-
imum in order to facilitate easy monitoring of the station. East London off 
the southern coast of South Africa, where the continental shelf is narrow, was 
chosen as the receiver site for these experiments because it satisfies the above 





Figure 5.1: Map Showing The Area Of Interest, Including The Source (S) 
And Receiver Site (R) At East London. The horizontal distance between 
source and receiver is approximately 894.91 km 
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In this experiment a ray traveling perpendicularly towards the coast is considered 
ideal since there can be no intrusion of bottom topography into the sound chan-
nel until the ray reaches the continental shelf, where the receiver is positioned. 
The map shown in figure 5.1 shows the position of the source (S) offshore and 
the receiver (R) at the coast at East London. 
A description of the coordinate system used for this experiment is described here 
( see table 5.1 ). The conventional positional frame of reference for an experiment 
of this nature is: [latitude, longitude, depth] , however since the coastline is 
slightly oblique to this co-ordinate system at East London the frame of reference 
was adapted to a more realistic one: [coastline, perpendicular to the coastline, depth]. 
Sound rays travel along the shortest path available to them, and so a ray travels 
along the great circle path between source and receiver. When a great circle 
path coincides with a line of longitude, the great circle path is a straight line in 
the model domain. Small deviations in the ray path due to perturbations in the 
ocean environment are easier to interpret if they are deviations from a straight 
line, rather than the arc of a circle. For this reason the co-ordinate system was 
transformed again, so that it appeared as if the ray was traveling along a line 
of longitude. 
The transformation was this: the ' coastline - axis ' was reinterpreted as a 
line of latitude, and the ' perpendicular to the coast - axis ' as the twenty 
eight degree east line of longitude, and the ' depth - axis ' remained the 




[latitude, longitude, depth] 
Environmental: 
[coastline, l. coastline, depth] 
[coast, l. coast, Zi ] 
Used: Profile Taken l. To The Coast: 
[latitude, 28° E , depth] 
JJ 
[xi, 28°E, Zi] 
Table 5.1: The Coordinate System Used 
Representation 
- ,y Yi 
• Z; 
X; 
coast l. coast 
- ,,.. --i - lA.. 
[xi,28°E] 
From now on the meridional ray path used in the experiments is understood as 
a ray traveling perpendicular to the coast. This coordinate system is useful not 
only for easy interpretation of the results but it also facilitated the inputting of 
data into the model, for example the Agulhas Current was modeled as a zonal 
current flowing parallel to the coastline. 
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5.2 Model Plan And Description 
The 1iARPO model was described in Chapter Two as having two distinct 
sections: the Hamiltonian ray tracing section and the environmental models 
which define the region through which sound rays travel. When setting up any 
model environment, using 1tARPO , a number of submodels have to be used 
to describe aspects of the environment, they are as follows: 
• a dispersion relation routine 
• a background ( and perturbation) current model 
• a background ( and perturbation) sound speed model 
• a background ( and perturbation) bottom model 
• a background ( and perturbation) surface model 
• an absorption (loss) ( and perturbation) model 
• a receiver surface model 
Initially a very simple ocean environment, rather than a physically realistic one, 
was set up in order to determine the fundamental features of acoustic propa-
gation through the ocean. Thereafter this simple model environment was used 
as the background environment and a number of oceanic features were super-
imposed onto it. This allowed for deviations from the ray traveling through the 
simple environment to be measured. Throughout the numerical experiment, 
while different model environments were used, the ray parameters remained 
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constant, the purpose of this was to make it easier to determine variations due 
to the anomalies included into the model environment. 
5.3 Modeling The Ray 
The source was positioned at ( 41S, 28E) , where twenty eight degrees east was 
chosen because it is the longitude of East London, and forty-one degrees south 
so that the Agulhas and Agulhas Return Currents can both be included into the 
model. 
The transmitter height was positioned at a depth of 1000 m below sea level. 
This is because the sound speed minimum specified in the sound speed model 
was also positioned at this depth. Positioning the source at this depth ensures 
that the ray travels through the SOFAR channel. 
Throughout the experiment the initial elevation angle of the ray was eight de-
grees, with no stepping in elevation angle. This elevation angle provided a large 
SOFAR channel, but not so large as to interact with either the ocean surface 
or the ocean bottom. The acoustic frequency of the ray was four hundred 
hertz and there was no stepping in frequency. The model was insensitive to any 
changes in the magnitude of the acoustic frequency, indicating that the choice 
of frequency was not noteworthy. 
Two different rays were used when considering the perturbations included into 
the model. Firstly one with an azimuth angle of zero degrees, this ray crossed 
any of the anomalies, described later, orthogonally. The other ray had an az-
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imuth angle of three-hundred-and-fifty degrees and crossed the model environ-
ment obliquely. The reason for considering two rays was this: a ray intersecting 
a perturbation orthogonally is not refracted through the perturbation field in 
the same way that a ray traveling obliquely through the perturbation field is. 
5.4 A Horizontally Stratified Ocean 
Initially a horizontally stratified ocean was modeled. It contained: no current 
field; a very simple sound speed profile; a flat bottom; a flat ocean surface and 
no perturbations. 
The acoustic wave dispersion routine used throughout the experiment was 
AWCW C - Acoustic With Currents, With Losses. While more efficient dis-
persion routines are available, for example without ocean currents, the more 
efficient routines only suited the experiment initially, for this reason it was de-
cided to keep the dispersion relation consistent throughout the experiment. 
The background current model chosen for this experiment was WCI.NCA'Tl (see 
pp 97 for details). With this model it is possible to represent a constant cur-
rent, either radial (upwards), eastward or southward, and allows for a linear 
gradient in the eastward component. For this experiment all the current model 
parameters were set to zero in order to define a region containing no current 
effects. The current perturbation model .NPCU'Tl'Tl was used since no current 
perturbation was required. 
CT A.N1t (see pp 98 for details) was the background sound speed model used 
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throughout the experiment. In this exercise it represented a horizontally strat-
ified ocean with a sound speed minimum at a depth of 1000 m below the 
ocean surface. CT AN1t is a general purpose model that is able to fit tabular 
sound speed data profiles with linear segments, which are smoothly joined by 
hyperbolic functions. Rather than going through the data points the final pro-
file smooths around the data points. Figure 5.2 shows the relationship between 
the sound speed data that was used and the corresponding function derived 
for the model environment. No sound speed perturbation model was required, 
because only a horizontally stratified ocean environment ( range - independent) 
was being considered at this stage, so the sound speed perturbation model 
N'PSP££1) was used. 
The ocean absorption model SC.COSS (see pp 99 for details) was used 
throughout the experiment even though absorption losses were not consid-
ered in this experiment, the reason for this was to keep the model consistent. 
S.C£0SS is an empirical absorption model and depends only on the acoustic 
frequency. The no absorption perturbation model, N'P.ABS'R , was used. 
The surface model S1t0RIZ (see pp 100 for details) is able to describe 
a spherical ocean surface at a specified height above mean sea level. For 
this experiment the height above mean sea level of the ocean surface was 
taken to be zero. No ocean surface perturbation was needed for this exper-
iment so N'PSU'R:F was used. The background bottom model that was 
used (}1teJ'RIZ (see pp 101 for details) is similar to the surface model used. 
91t0RIZ can be used to specify an ocean bottom a constant spherical sur-
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Figure 5.2: Diagram Showing The Input Data And The Resulting Model 
Profile 
the depth of the ocean was chosen to be 5000 m below the mean sea level. 
No bottom perturbation was required so the bottom perturbation model used 
was NPBOTM. 
1lV£1lT was the receiver surface model used throughout the experiment. This 
receiver model, 1lV£1lT (see pp 102 for details), specifies the receiver as a 
vertical surface a constant distance away from the source. In this case the re-
ceiver surface was positioned 8° from the source at ( 41 ° S, 28° E) , so as to 
coincide with the receiver positioned at East London, (33° S, 28° E) . 
The combination of models described here produced the horizontally strati-






environment is required as a background model environment for future experi-
mentation. Notice that the horizontally stratified ocean that is described here 
represents a range independent acoustic model, defined in section 2.2 and dis-
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Figure 5.3: Schematic Representation Of The Horizontally Stratified Ocean 
Environment, Showing The Orthogonal And Oblique Rays 
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5.5 A Current Feature Environment 
The most obvious feature, within the area of interest, to consider in terms of 
its acoustic properties is the Agulhas Current, which was described in detail in 
section 4.4. From the description of the Current given in Chapter Four there 
are two distinct components of the Agulhas Current that have to be considered, 
these are the temperature and the velocity components. These components 
were included into the horizontally stratified model, both separately and com-
bined together, in order to determine their effects on sound propagation through 
them. Figure 5.4 shows a schematic representation of both the velocity and tem-
perature components which were included into the horizontally stratified ocean. 
Firstly the velocity structure was included into the horizontally stratified model 
by replacing the current model W.CIN£A1l with WQAUSS2 (see pp 103 
for details). This model represents a zonal ( eastward) current whose intensity 
decays in all three directions. Setting the gaussian, zonal or meridional width to 
zero results in no space variation in that direction. A maximum current speed 
of -3 m.s-1 was chosen, the negative sign represents a westerly current. The 
current maximum was positioned at 33.5° S and 28° E , also the current max-
imum was specified at the ocean surface. The zonal width of the current was 
set to zero, which results in no variation in the east-west direction. Otherwise 
the meridional width was chosen to be 1 ° and a gaussian height of 1000 m is 
chosen. 
So the Agulhas Current model velocity structure was described as a surface 
westerly current flowing at 3 m.s-1 , positioned at 33.5° S with a current 
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width of 1 ° and extending to 1000 m below the sea surface. 
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Figure 5.4: Schematic Representation Of The Temperature And Velocity 
Structure Associated With The Agulhas Current Included Into The Hori-
zontally Stratified Ocean Environment 
The temperature structure associated with the Agulhas Current was also in-
cluded into the horizontally stratified ocean environment. In Chapter Three it 
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was shown that a change in sound speed indicates, through the equation of 
state, a variation in the temperature structure. An increase in sound speed is 
indicative of an increase in temperature, similarly a decrease in sound speed 
responds to a decrease in temperature. So the warm temperature structure 
associated with the Agulhas Current was included into the model by using the 
sound speed perturbation model CB.C.OB4 (see pp 105 for details). 
CB.C.OB4 describes an increase ( or decrease) in sound speed, in up to three lo-
calized regions, that decay in a gaussian manner in all three directions. A 2% in-
crease in sound speed was chosen to represent the Agulhas Current sound speed 
structure, this represents a variation in the sound speed of about 30 m.s-1 . 
The sound speed perturbation was positioned so as to coincide with the veloc-
ity structure, that is the maximum perturbation was centered on the surface at 
33.5° S with no zonal variation, the meridional width of the perturbation was 
chosen to be 1 ° extending to 1000 m below sea level. 
Another consideration in this region is that of the Agulhas Return Current, 
which was discussed in section 4.3. The velocity and temperature structures 
were included in the same way as for the Agulhas Current, into the horizontally 
stratified ocean. The Return Current velocity structure was modeled in the same 
way that the Agulhas Current velocity structure was, again using W9AUSS2 
. The Return Current velocity structure was modeled as a surface easterly cur-
rent, positioned at 40° S , with no zonal variation, the meridional width of the 
current was 1 ° and the current effect extended to 1000 m . Similarly the 
temperature structure was included into the model using CB.C.OB4 , with a 
2% perturbation at the surface, at 40° S , with a meridional width of 1 ° and 
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extending to 1000 m . 
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Figure 5.5: Schematic Representation Of The Temperature And Velocity 
Structure Associated With The Agulhas And Agulhas Return Currents In-
cluded Into The Horizontally Stratified Ocean Environment 
A limitation of 1iA1lPCJ is that only one velocity structure can be included 
into a model environment at a time. However using CBC.084 , it is possible 
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to include the sound speed structure, the implied temperature structure, associ-
ated with both the Agulhas Current and the Agulhas Return Current. Figure 5.5 
includes a schematic representation of both the Agulhas and the Agulhas Return 
Currents, which were included into the horizontally stratified ocean environment. 
5.6 An Eddy Feature Environment 
Another typical feature of the Agulhas Current region that is considered is that 
of a mesoscale eddy, features such as these were described in section 4.5. Warm 
and cold core eddy features have been observed to have very different properties 
and so results of sound propagating through a warm and a cold core eddy are 
very different, not only because of the differences in eddy dynamics, but also 
because of the differences in acoustic propagation properties through warm and 
cold features. In this experiment a warm core anticyclonic feature was consid-
ered, since that corresponds to an eddy which buds off the Agulhas Current, for 
instance in the retroflection region. 
Firstly the temperature structure associated with a warm core eddy was rep-
resented by a 2% increase in sound speed, again using the sound speed per-
turbation model CBCOB4 . The feature was positioned with the maximum 
variation at the surface, with the center at (37° S, 28° E) . The feature had a 
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Figure 5.6: Representation Of The Temperature And Velocity Structure 
Associated With A Warm Core Anticyclonic Eddy 
The velocity structure associated with a warm core eddy, which has an anti-
clockwise rotation in the southern hemisphere was included using the velocity 
model VVO'RT X3 (see pp 108 for details). This model describes a rotating 
current structure with a viscous core and a gaussian intensity profile in the ver-
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tical. The axis of the vortex is vertical and was positioned in the same place as 
the temperature structure, that is centered at (37° S, 28° E) . Now the vortex 
rotates anticlockwise looking down and the maximum tangential current is cho-
sen to be 1.5 m.s-1 at the surface. The radius of the vortex, where the vortex 
core reaches its maximum velocity, was taken to be 0.5° . The vortex core, 
within the radius, is essentially a solid rotating fluid, while outside the vortex 
core decreases as the inverse radius. The vortex extends to 1000 m in depth be-
low the mean sea level. Figure 5.6 shows a schematic representation of a warm 
core eddy, which was included into the horizontally stratified ocean environment. 
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5. 7 Models Used 
In this section the details of each of the environmental submodels used is given. 
The equations for each submode! are given, they were taken directly from the 
1lA1lPO manual. Following the model equations the input variables that were 
used for this demonstration and the resulting model equations are provided. Ta-
ble 5.2 includes a list of background and perturbation models used to construct 
the model environments. Table 5.3 contains a list of the submodels used to 
construct each of the model environments, as well as the relevant page number 
for each of the submodels. 
Background Models Perturbation Models 
Current Model WCIN£An; wgAUSS2; vvonTX3 NPCU1ln 
Sound Speed Model CTANrl NPSP££1) ; CBC084 
Surface Model S1l0nIZ NPSU1l:F 
Bottom Model (}1l01lIZ NPBOTM 
Absorption (loss) Model sccoss NPABSn 
Receiver Surface Model nvcnT 
Table 5.2: Models Used In This Experiment 
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Relevant Horizontally Zonal Current Warm Core 
Page Stratified And Temperature Anticlockwise 
Number Environment Structure Vortex 
W£IN£A'R pp 97 ..; 
W9AUSS2 pp 103 ..; 
VVO'RTX3 pp 108 ..; 
NPCU'R'R ·-· ..; ..; ..; 
CTAN1t pp 98 ..; ..; ..; 
NPSP££'D ..; 
CB£084 pp 105 ..; ..; 
S1t0'RIZ pp 100 ..; ..; ..; 
NPSU'R:F ..; ..; ..; 
91t0'RIZ pp 101 ..; ..; ..; 
NPBOTM ..; ..; ..; 
S££0SS PP 99 ..; ..; ..; 
NPABS'R ..; ..; ..; 
'RV£'RT pp 102 ..; ..; ..; 
Table 5.3: Models Used For Each Environment 
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Current Velocity Model WCIN£.A'R : 
Specifies a constant radial ( upward), eastward and southward current, allowing 
a linear height gradient of the eastward component. 
= 
= 
au,,, u,J. +~-z 'l'o 8z 
where: z = r - re 
re earth radius 
r is the radial coordinate of the ray point 
input: 'LINEAR CURRENT SET TO ZERO FOR NO CURRENT FIELD' 
the constant upward current, Ura = 0. km.s- 1 
giving: 
the constant southward current, UBo = 0. km.s- 1 
the ground value of the eastward current, Urpo = O. km.s-1 
the height gradient of U¢,, ~ = 0. km.s-1 .km-1 
U(J = 0. 
Urp = 0. 
Ur 0. 
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Sound Speed Model CT AN1i : 
This model represents the sound speed profile by a sequence of linear segments 
that are smoothly joined by hyperbolic functions. 
where: z T - Te 
Te = earth radius 
T is the radial coordinate of the ray point 
Ci the half thickness of a region centered at approximately 
Zi km , in which ~ changes from bi to bi+i 
Start by drawing a profile with linear segments, get Ci and z, from the cor-
ners, select Ci to round the corners. The final profile will not go through ( Ci, Zi) . 
input: 'TYPICAL SOUND SPEED PROFILE, MINIMUM AT 1000M' 
n = 'number of points in the profile -2 ' = n = l . 
the profile: i Zi (m) Ci (m.s-1) Ci (m) 
0 0.0 1520. 0.0 
1 -1000. 1480. -250. 
2 -4000. 1531. 0.0 
giving: b1 = 0.04 
b2 = -0.017 
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Ocean Absorption Model S.C.COSS : 
This absorption model depends only on the acoustic wave frequency w ( rad.s-1 ) 
according to the formula: 
The following values for the coefficients correspond to the model of 'Skretting-
Leroy': 
a= 0.006 dB.km-1; w1 = 6283.2 rad.s-1 ( = 1000. Hz) 
b = 0.2635 dB.km-1; w2 = 10681.4 rad.s-1 ( = 1700. Hz) 
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Ocean Surface Model S1i01lIZ : 
An ocean surface model that is horizontal (i.e. a sphere concentric with the 
earth). The ocean surface is where the following function is zero. 
s(T,0,</>) = z. -h 
where: h = T - Te 
Te earth's radius 
r radial coordinate of ray point 
input: 'OCEAN SURFACE A SPHERE AT MSL' 
the height of the ocean surface above the mean sea level, z. = 0. m 
s(r,O,</>) Te - T 
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Ocean Bottom Model QrlO'RIZ : 
A constant height bottom model (i.e. a sphere concentric with the earth). 
g(T,8,¢,)=h-z0 
where: h = T - Te 
Te = earth's radius 
T = radial coordinate of ray point 
input: 'BOTTOM MODEL A SPHERE 6KM DEEP' 
constant bottom height, z0 = -5. km 
( negative if below mean sea level). 
giving: g(T,0,¢,) = T-Te+5. 
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Receiver Surface Model 'llVE'JlT: 
A receiver surface that is a vertical ( canonical) surface a constant distance from 
a given origin on the earths surface. 
f ( r, (}, </:>) = sin Ao cos (} + cos A0 sin (} cos(</:> - q:>0 ) - cos 0 0 
input: 'RECEIVER SURFACE A VERTICAL SURFACE' 
giving: 
the distance of the surface from the origin, 0 0 = 8.0 
the latitude of the origin, A0 = -41.0 
the longitude of the origin, 0 0 = 28.° 
f( r, 0, ¢>) ~ -0.656 cos(}+ 0. 755 sinO cos(¢>- 28.0 ) - 0.990 
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Current Velocity Model WQAUSS2: 
This subroutine specifies a zonal ( eastward) current field whose intensity decays 
in a gaussian manner in all three space dimensions. 
where: 
u~ = U~0 exp {-( ~) 
2 
- ( ~) 
2 











r - re 
earth radius 
is the radial coordinate of the ray point 
the half thickness of a region centered 
at approximately Zi km , in which 
0 co-latitude 
<P = 
90° - Ao 
longitude 
Note: This current field does not satisfy continuity if W~ =/:- 0. 
Note: Setting Wz, W8 or W~ = 0 results in no variation in that direction. 
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input: 'ZONAL MODEL OF THE AGULHAS CURRENT' 
the maximum value of U¢,, U¢,o = -0.003 km.s-1 
the height where U¢, maximizes, z0 = 0. km 
the gaussian width in height of U¢,, Wz = 1. km 
the latitude where U¢, maximizes, A0 = -33.5° 
the meridional width of U¢,, Wo = 0.5° 
the longitude where U¢, maximizes, <Po = 28. 0 
the zonal width of U¢,, W¢, = 0.0 
Giving: 
U¢, = -0.003 exp { -(z)2 - 4(9 - 123.5)2} 
input: 'ZONAL MODEL OF THE RETURN CURRENT' 
the maximum value of U¢,, U¢,o = 0.003 km.s-1 
the height where U¢, maximizes, z0 = 0. km 
Giving: 
the gaussian width in height of U¢,, Wz = 1. km 
the latitude where U¢, maximizes, A0 = -40. 0 
the meridional width of U¢,, Wo = 0.5° 
the longitude where U¢, maximizes, <Po = 28. 0 
the zonal width of U¢,, W¢, = 0.0 
U¢, = 0.003exp {-(z)2 - 4(9 - 130.0)2} 
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Sound Speed Perturbation Model CB.C.084 : 
An increase ( or decrease) in squared sound speed, in up to three localized 
regions, that decays in a gaussian manner in all three spatial directions. 
where: z = r - re 
re = earth's radius 
(r,O,</>) earth centered spherical - polar coordinates 
Co2(r, 0, </>) background sound speed model 
Ai = f -Oi 
Note: Setting Wz, Wo or W4> = 0. results in no space variation in that direction. 
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input: 'PERTURBATION ASSOCIATED WITH THE AGULHAS CURRENT' 
the strength of the fractional increase ( or decrease), ~i = 0.02 
Giving: 
the height of the maximum effect, z0 = 0. km 
the latitude of the maximum effect, A0 = -33.5° 
the longitude of the maximum effect, 4>0 = 28.0 
the gaussian width in height of the effect, Wz = l. km 
the meridional width of the effect, We = 0.5° 
the zonal width of the effect, W,t, = 0.0 
C 2 ( r, 0, ¢,) = C0 2 ( r, 0, ¢,) { 1 + 0.02 exp [-(z)2 - 4(0 - 123.5)2]} 
input: 'PERTURBATION ASSOCIATED WITH THE RETURN CURRENT' 
the strength of the fractional increase ( or decrease), ~i = 0.02 
Giving: 
the height of the maximum effect, z0 = 0. km 
the latitude of the maximum effect, A0 = -40.0 
the longitude of the maximum effect, ¢,0 = 28.0 
the gaussian width in height of the effect, Wz = l. km 
the meridional width of the effect, We = 0.5° 
the zonal width of the effect, W,t, = 0.0 
C 2( r, 0, ¢,) = C/( r, O, ¢,) { 1 + 0.02 exp [-(z)2 - 4(0 - 130.o)2]} 
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input: 'WARM CORE PERTURBATION ' 
Giving: 
the strength of the fractional increase ( or decrease), Ll; = 0.02 
the height of the maximum effect, z0 = 0. km 
the latitude of the maximum effect, A0 = -37.0 
the longitude of the maximum effect, <f,0 = 28.0 
the gaussian width in height of the effect, W., = 1. km 
the meridional width of the effect, W11 = 0.5° 
the zonal width of the effect, W,t, = 0.5° 
C 2(r,fJ,</>) = C0 2(r,fJ,</>) {1 + 0.02exp [-z2 -4(fJ-127.)2 -4(</>-28.0)2]} 
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Current Velocity Model VV01lTX3: 
This subroutine models a vortex with a viscous core and a gaussian intensity 
profile in the vertical. The axis of the vortex is vertical and may be positioned 
above the any geographic latitude and longitude. The vortex rotates anticlock-
wise looking down. The core (inside r0 ) is essentially a solid rotating fluid, 
while outside r0 , I U I falls off as the inverse radius. 
u = -1.397 R, Uq Tq (1 - exp -1.26.r2 ) (,I,. - ,I,. )e -( h-a-:;;.ga; r 
() r2 ro2 'f' 'f'O 
(l!..:l!m.u.)2 u = 1.397 R,, Uq Tq (1 - exp -1.26.r2 ) (0 - 0 )e - WH ¢ r2 ro2 o 
where: r = the radial distance from the vortex center 
Re = Earths radius - 6370 km throughout 
0 = co-latitude 
Oo = !--Xo 
</> = longitude 
h = height above sea level 
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input: 'ANTICLOCKWISE VORTEX' 
Giving: 
the maximum tangential current, U0 = 0.0015 km.s-1 
the radius of the vortex core to u = U0 , r 0 = 55. km 
the latitude of the vortex center, A0 = -37.0 
the longitude of the vortex center, 4>0 = 28.0 
the gaussian width in height of the vortex, WH = 1. km 
the height of the vortex, hma:c = 0. m 




u,p = 3!·}584 1 - e~ (0 - 127.)e 
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The previous chapters in this thesis provided the groundwork for this chapter, 
in which the use of 1tARPO as an acoustic modeling tool is demonstrated. 
The results of sound propagating through the model environments, which were 
defined in Chapter Five, are presented here. Also comparisons between the 
observed model results and the expected results, using the mathematical meth-
ods developed in Chapter Three are performed in order to validate the use of 
1tARPO as a modeling tool. The experimental philosophy described in Chapter 
Two has been applied to the modeling procedure, beginning with sound prop-
agating through a simple horizontally stratified ocean environment and then 
including more complex features such as an ocean current and a warm core 
eddy into the environment. Finally the results for the current and eddy scenar-
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ios are applied to the Agulhas Current Region described in Chapter Four. 
It is important to say that every effort was made throughout the numerical 
experiment to include realistic parameters into the model and hence realistic 
model environments were set up. This is a useful practice since it allows one to 
compare experimental data with model results. 
6.1 The Presentation Of Results 
An explanation regarding the presentation of results is necessary before consid-
ering the results themselves. The ray diagrams that resulted from the numerical 
sound propagation experiments are presented in Appendix A, Appendix B and 
Appendix C. The purpose of including all the ray diagrams is that they comprise 
a complete set of results that demonstrate the development of the experiment 
from the initial stages of sound propagating through a horizontally stratified 
ocean environment in Appendix A, a current environment in Appendix B and 
an anticyclonic warm core eddy environment in Appendix C. In order to ensure 
that the appendices are useful a table comprising of a list of all the ray dia-
grams relevant to that appendix and the position of the ray diagram within the 
appendix was compiled and is included at the start of each appendix. 
Each of the experiments through distinct features, for example through the 
Agulhas Current, the Return Current and a warm core eddy, have three distinct 
categories of ray diagrams: those of sound propagation through the velocity 
structure, the sound speed (implied temperature) structure associated with the 
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feature, as well as a combined scenario that includes both the velocity and sound 
speed structure of the feature. For the eddy feature there are four more cate-
gories of ray diagram, within each of the three experimental categories, these 
are for the ray propagating through the center, l a radius , 1 radius and 
1 ! radii from the eddy center, as the eddy traveled towards the east. 
For each of the scenarios provided two ray diagrams were produced, one m 
the vertical plane and one in the horizontal plane, all of these ray diagrams are 
included into the appendices. In scenarios where no downwards displacement 
in the vertical plane or refraction in the horizontal plane occurred, the ray dia-
grams are included for completeness. Clearly the vast number of ray diagrams 
produced could not be preseri_ted within the text, but were necessary not only 
for completeness, but to explain the results and determine conclusions. 
Within the following text a number of ray diagrams are presented within ta-
bles of results, each of these ray diagrams has a reference number, A.I ... A.3; 
B.I ... B.8; C.I ... C.24, which refers to the same figure within the appendices. 
The size of the diagrams in the appendices are the same as the size of the 
diagrams produced by 1tARPO , with a vertical scale of 
2 cm: 1000 m 
and a horizontal scale of 
5.4 cm : 1000 m. 
In the warm core eddy scenario a different horizontal scale was used, 
5.4 cm: 2000 m, 
because the horizontal refraction was so much greater than that in the current 
scenario. 
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These scales were used to approximately determine the observed magnitude of 
the downward displacement and horizontal refraction for all the vertical and 
horizontal ray diagrams respe_ctively. 
In certain of the ray diagrams a relatively small amount of downwards dis-
placement or horizontal refraction can be observed, because of the scale of the 
diagrams it is not possible to determine an actual amount for these results, for 
this reason the magnitude of the variation that occurs to a sound ray propa-
gating through a feature can not always be determined. In cases such as these 
where a feature has perturbed the ray, but the effect is not measurable the 
results are represented by * * * in the relevant table. 
An important factor to notice is that throughout this research the horizon-
tal ray diagrams shown were all taken at the 1000 m level, that is the depth 
of the source and the sound speed minimum. This was done in order to facil-
itate comparisons when more complicated features, which result in horizontal 
variations, were included into the environment. Another factor is that each 
ray diagram, in both the vertical and horizontal plane, in the experiments that 
follow have the ray propagating through a horizontally stratified ocean included 
into them, this was done in order to assess the effects each feature has upon 
the ray propagating through them. 
Throughout this thesis the observed horizontal refraction taken from the ray 
diagrams was determined by measuring the longitudinal distance between the 
refracted ray and the horizontal ray at the receiver site. The downwards displace-
ment, measured in the vertical plane, was taken as the maximum displacement 
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of the ray from the ray propagating through a horizontally stratified ocean. 
6.2 Sound Propagation Through A Horizontally Stratified 
Ocean 
In Section 5.4 a horizontally stratified ocean model environment was set up, 
using 1tARPO , sound rays were then propagated through the environment. 
Apart from providing a basis for further modeling the horizontally stratified 
ocean was modeled to demonstrate the fundamental features of acoustic propa-
gation through the ocean. A schematic representation for this environment was 
presented in figure 5.3. The results of this particular experiment, that is sound 
propagation through a uniform ocean environment are presented in table 6.1, 
which includes both the vertical and the horizontal ray diagrams, as well as the 
vertical ray diagram for an oblique ray. 
Consider the first figure in table 6.1, that is sound propagation through a uni-
form ocean environment in the vertical plane. The SOFAR channel, which was 
introduced in section 3.4, has been clearly demonstrated by the ray which con-
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Sound Speed ( m.s-1 ) 
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i; = -0.017 
Figure 6.1: Sound Speed Profile Of The Input Data 
In the vertical plane the variation from the sound speed minimum, above and 
below the sound speed minimum, is determined by the magnitude of the sound 
speed gradient, I t I within that region. In Section 3.4 the radius of curvature 
was defined by R = - ~, where g = i~ . From this it can be deduced that 
for a large sound speed gradient the radius of curvature is small and so the 
deviation from the sound channel axis is small. Conversely a small sound speed 
gradient results in a large radius of curvature and hence in a large deviation 
from the sound channel axis. 
Consider figure 6.1, where I ~~ I:::: 0.04 s-1 above the sound speed mini-
mum {a relatively large sound speed gradient), the maximum deviation from 
the sound speed minimum is fairly small, approximately 50 m . Below the 
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Figure 6.1: Sound Speed Profile Of The Input Data 
In the vertical plane the variation from the sound speed minimum, above and 
below the sound speed minimum, is determined by the magnitude of the sound 
speed gradient, I ~ I within that region. In Section 3.4 the radius of curvature 
was defined by R = -~. where g = i~ . From this it can be deduced that 
for a large sound speed gradient the radius of curvature is small and so the 
deviation from the sound channel axis is small. Conversely a small sound speed 
gradient results in a large radius of curvature and hence in a large deviation 
from the sound channel axis. 
Consider figure 6.1, where I t I~ 0.04 s-1 above the sound speed mini-
mum (a relatively large sound speed gradient), the maximum deviation from 
the sound speed minimum is fairly small, approximately 50 m . Below the 
sound speed gradient, where I rz. I~ -0.017 s-1 a large maximum variation 
117 
from the sound channel axis of about 1150 m is observed. Also, as mentioned 
in Section 3.4, the sound speed gradient above the sound channel axis was 
positive and resulted in the downwards bending of the ray towards the sound 
speed minimum and in the region below the sound channel axis the sound speed 
gradient was negative which resulted in the upward bending of the ray towards 
the sound speed minimum. 
In a range-independent or a horizontally stratified environment, such as the one 
considered here, where by definition there is no variation to the sound speed in 
a horizontal plane, there was no refraction in the horizontal plane. Refer to the 
second figure in table 6.1, the horizontal line through the center of the figure 
represents the unrefracted ray. 
At this stage it is necessary to notice that with the position of the receiver 
at East London and the ray traveling perpendicularly towards the coast from 
the source the bathymetry of the region would not affect a sound ray propagat-
ing through it. That is nowhere along the route of the ray path does the bottom 
topography rise to a depth that intrudes into the sound channel. In section 4.2 
the bottom topography of the region was discussed, even when other features 
were included into the model which cause the ray to refract and be displaced in 
the vertical plane, the bottom topography is so deep here that it never interacts 
with the sound channel. For this reason the ocean bottom was kept at a con-
stant depth of 5000 m throughout the experiment, even though it is possible, 
using 1iA'R'PO , to include topographic features into the model environment. 
A variation on the horizontally stratified ocean scenario was to consider a 
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ray crossing the environment obliquely. Starting with an azimuth angle of 
0° (perpendicular to the environment), the ray was propagated through the 
environment with 1 ° decremental steps in azimuth angle until an azimuth an-
gle of 350° was reached. The resulting ray diagram in the vertical plane, for 
the ray propagating through the environment with an azimuth angle of 350° 
is presented in the third diagram of table 6.1. 
The oblique ray appears to have a different wavelength to the ray traveling 
perpendicularly through the environment, this is a result of the different obser-
vation position relative to the ray and hence a different perspective on the ray. 
Initially this ray was included throughout the experiment in order to determine 
the effects of a ray that propagates through a feature obliquely. However the 
results were insignificant in that variation to a ray as it traveled through a fea-
ture, with an azimuth angle of 350° , were negligible, in both the vertical and 
horizontal planes. For this reason, apart from this initial example, the oblique 
rays are omitted from all the figures that follow. 
6.3 Sound Propagation Through A Current Feature 
In the previous Chapter a model environment was established that included 
the velocity and temperature structures of the Agulhas and Agulhas Return 
Currents, these structures were superimposed onto the horizontally stratified 
ocean environment. Figure 5.4 and figure 5.5 represented the Agulhas and Ag-
ulhas Return Current model environments that were used for this part of the 
experiment. Sound rays were propagated through the velocity structure, the 
temperature structure and finally the combined velocity and temperature struc-
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tures. The results for the Agulhas Current scenario are presented in table 6.2. 
Table 6.2 is divided into three parts: firstly sound propagation through the 
velocity structure associated with the Agulhas Current; secondly sound propa-
gation through the temperature structure associated with the Agulhas Current; 
and thirdly sound propagation through the combined velocity and temperature 
structures associated with the Agulhas Current. 
The vertical and horizontal effects of each feature on sound propagation through 
them are outlined, and the relevant ray diagrams are presented. The horizon-
tal ray diagram (taken at 1000 m) of sound propagation through the velocity 
structure, the vertical ray diagram showing sound propagation through the tem-
perature structure and the horizontal ray diagram (taken at 1000 m ) of sound 
propagation through the combined structures are included into the table. 
Firstly the velocity structure associated with the Agulhas Current described 
in section 5.4 is considered. The velocity structure had no vertical effect on a 
ray traveling through it and the vertical ray diagram was the same as that for 
sound propagation through a horizontally stratified ocean environment (refer 
to figure A.I). However in the horizontal plane refraction in the direction of 
the current flow occurred. This refraction only took place in the region of the 
current, between 33 and 34° S , about 800 km from the source. 
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Velocity Structure 
• vertical effect: 
none 
• horizontal effect: 
refraction in the direction 
of the current flow 
Temperature Structure 
• vertical effect: 
downwards displacement of 
of the ray in the region 
of the perturbation 
• horizontal effect: 
none 
Combined Scenario 
• vertical effect: 
same as that for the 
temperature only scenario 
• horizontal effect: 
less refraction in the 
direction of the current 
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Table 6.2: Results For A Ray Propf2fting Through The Agulhas Current 
Scenario 
Ocean Bottom Model 91i.O'RXZ : 
A constant height bottom model (i.e. a sphere concentric with the earth). 
g(r,8,<f>)=h-zo 
where: h r- re 
re earth's radius 
r = radial coordinate of ray point 
input: 'BOTTOM MODEL A SPHERE 6KM DEEP' 
constant bottom height, z0 = -5. km 
( negative if below mean sea level). 
giving: g(r,8,¢>) = r- re+ 5. 
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Receiver Surface Model 1lV£1lT : 
A receiver surface that is a vertical ( canonical) surface a constant distance from 
a given origin on the earths surface. 
f( r, fJ, </>) = sin A0 cos fJ + cos A0 sin fJ cos(</> - ¢>0 ) - cos 0 0 
input: 'RECEIVER SURFACE A VERTICAL SURFACE' 
the distance of the surface from the origin, 0 0 = 8.0 
the latitude of the origin, A0 = -41.0 
the longitude of the origin, 0 0 = 28.0 
J( r, fJ, </>) ~ -0.656 cos fJ + 0. 755 sin 6 cos(</> - 28. 0 ) - 0.990 
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Current Velocity Model wgAUSS2 : 
This subroutine specifies a zonal ( eastward) current field whose intensity decays 
in a gaussian manner in all three space dimensions. 
where: z = 
Te 
T 
6· ' = 
() = 
</:> = 
T - Te 
earth radius 
is the radial coordinate of the ray point 
the half thickness of a region centered 
at approximately Zi km , in which 
co-latitude 
90° - .Xo 
longitude 
Note: This current field does not satisfy continuity if Wcp -:/; 0. 
Note: Setting Wz, Wo or Wop= 0 results in no variation in that direction. 
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input: 'ZONAL MODEL OF THE AGULHAS CURRENT' 
the maximum value of u.p, U.po = -0.003 km.s-1 
the height where u'P maximizes, z0 = O. km 
the gaussian width in height of U.p, Wz = 1. km 
the latitude where u'P maximizes, .A0 = -33.5° 
the meridional width of u.p, W9 = 0.5° 
the longitude where U.p maximizes, <Po = 28.0 
the zonal width of u.p, W.p = 0. 0 
Giving: 
u'P = -0.003 exp { -(z)2 - 4(8 - 123.5)2} 
input: 'ZONAL MODEL OF THE RETURN CURRENT' 
the maximum value of u.p, U.po = 0.003 km.s-1 
the height where u'P maximizes, z0 = 0. km 
Giving: 
the gaussian width in height of u.p, Wz = 1. km 
the latitude where U.p maximizes, .X0 = -40. 0 
the meridional width of u.p, W9 = 0.5° 
the longitude where U.p maximizes, <Po = 28. 0 
the zonal width of u.p, W.p = 0.0 
u.p = 0.003exp {-(z)2 - 4(8 - 130.0)2} 
104 
Sound Speed Perturbation Model CB£084 : 
An increase ( or decrease) in squared sound speed, in up to three localized 
regions, that decays in a gaussian manner in all three spatial directions. 
where: z = r - re 
re = earth's radius 
(r,8,¢>) earth centered spherical - polar coordinates 
Ca2(r,O,</>) background sound speed model 
Ai = t- ei 
Note: Setting Wz, Wo or W,t, = 0. results in no space variation in that direction. 
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input: 'PERTURBATION ASSOCIATED WITH THE AGULHAS CURRENT' 
the strength of the fractional increase (or decrease), di= 0.02 
Giving: 
the height of the maximum effect, z0 = 0. km 
the latitude of the maximum effect, Ao = -33.5° 
the longitude of the maximum effect, </>0 = 28.0 
the gaussian width in height of the effect, Wz = l. km 
the meridional width of the effect, We = 0.5° 
the zonal width of the effect, Wq, = 0.0 
C2(r, 0, </>) = C0 2( r, 0, </>) { 1 + 0.02 exp [-(z)2 - 4(0 - 123.5)2]} 
input: 'PERTURBATION ASSOCIATED WITH THE RETURN CURRENT' 
the strength of the fractional increase ( or decrease), di = 0.02 
Giving: 
the height of the maximum effect, z0 = 0. km 
the latitude of the maximum effect, Ao= -40.0 
the longitude of the maximum effect, </>0 = 28. 0 
the gaussian width in height of the effect, Wz = 1. km 
the meridional width of the effect, We = 0.5° 
the zonal width of the effect, Wq, = 0.0 
C 2(r, 0, </>) = C0 2(r, 0, </J) { 1 + 0.02exp [-(z) 2 - 4(0- 130.0)2]} 
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input: 'WARM CORE PERTURBATION ' 
Giving: 
the strength of the fractional increase ( or decrease), .!l, = 0.02 
the height of the maximum effect, z0 = 0. km 
the latitude of the maximum effect, A0 = -37.0 
the longitude of the maximum effect, <Po = 28. 0 
the gaussian width in height of the effect, W.s = 1. km 
the meridional width of the effect, We = 0.5° 
the zonal width of the effect, Wt/> = 0.5° 
C2 ( r, 0, </>) = C0 2( r, (), </>) { 1 + 0.02 exp (-z2 - 4(0 - 127.)2 - 4( </>- 28.0)2]} 
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Current Velocity Model VVO'R.TX3 : 
This subroutine models a vortex with a viscous core and a gaussian intensity 
profile in the vertical. The axis of the vortex is vertical and may be positioned 
above the any geographic latitude and longitude. The vortex rotates anticlock-
wise looking down. The core (inside T0 ) is essentially a solid rotating fluid, 
while outside To, I U I falls off as the inverse radius. 
U = -1.397 R. U9 r9 (1 _ exp -1.26.r2 ) (,I._ ,1. )e -( h-a;n r 
(J r2 ro2 'f' 'f'o 
u = 1.397 R., Ug Tg (1 - exp -1.26.r2) (0 - (} )e -( h-a;u r 
</> r2 ro2 o 
where: T = the radial distance from the vortex center 
Re = Earths radius - 6370 km throughout 
(} = co-latitude 
Oo - 11' A - 2- 0 
</, = longitude 
h = height above sea level 
108 
input: 'ANTICLOCKWISE VORTEX' 
Giving: 
the maximum tangential current, U0 = 0.0015 km.s-1 
the radius of the vortex core to u = U0 , r 0 = 55. km 
the latitude of the vortex center, ~o = -37.0 
the longitude of the vortex center, ¢>0 = 28.0 
the gaussian width in height of the vortex, WH = l. km 
the height of the vortex, hmax = O. m 
UfJ = -73~l584 ( 1 - e -~o~~-;2) ( </> - 28.)eh2 
U¢ = 73~-} 584 ( 1 - e -~0~~2
2 




[1] Georges T.M., Jones R.M. and Lawrence R.S. (1990). 
A PC version of the HARPO ocean acoustic ray tracing program. 
NOAA Report. Wave propagation Laboratory. Boulder CO. pp18. 
[2] Jones R.M., Riley J.P. and Georges T.M. (1986). 
HARPO - A versatile three dimensional Hamiltonian ray tracing pro-
gram for acoustic waves in an ocean with irregular bottom. 






The previous chapters in this thesis provided the groundwork for this chapter, 
in which the use of 1{A1?,PO as an acoustic modeling tool is demonstrated. 
The results of sound propagating through the model environments, which were 
defined in Chapter Five, are presented here. Also comparisons between the 
observed model results and the expected results, using the mathematical meth-
ods developed in Chapter Three are performed in order to validate the use of 
1iAnPO as a modeling tool. The experimental philosophy described in Chapter 
Two has been applied to the modeling procedure, beginning with sound prop-
agating through a simple horizontally stratified ocean environment and then 
including more complex features such as an ocean current and a warm core 
eddy into the environment. Finally the results for the current and eddy scenar-
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ios are applied to the Agulhas Current Region described in Chapter Four. 
It is important to say that every effort was made throughout the numerical 
experiment to include realistic parameters into the model and hence realistic 
model environments were set up. This is a useful practice since it allows one to 
compare experimental data with model results. 
6.1 The Presentation Of Results 
An explanation regarding the presentation of results is necessary before consid-
ering the results themselves. The ray diagrams that resulted from the numerical 
sound propagation experiments are presented in Appendix A, Appendix B and 
Appendix C. The purpose of including all the ray diagrams is that they comprise 
a complete set of results that demonstrate the development of the experiment 
from the initial stages of sound propagating through a horizontally stratified 
ocean environment in Appendix A, a current environment in Appendix B and 
an anticyclonic warm core eddy environment in Appendix C. In order to ensure 
that the appendices are useful a table comprising of a list of all the ray dia-
grams relevant to that appendix and the position of the ray diagram within the 
appendix was compiled and is included at the start of each appendix. 
Each of the experiments through distinct features, for example through the 
Agulhas Current, the Return Current and a warm core eddy, have three distinct 
categories of ray diagrams: those of sound propagation through the velocity 
structure, the sound speed (implied temperature) structure associated with the 
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feature, as well as a combined scenario that includes both the velocity and sound 
speed structure of the feature. For the eddy feature there are four more cate-
gories of ray diagram, within each of the three experimental categories, these 
are for the ray propagating through the center, f a radius , 1 radius and 
1 ! radii from the eddy center, as the eddy traveled towards the east. 
For each of the scenarios provided two ray diagrams were produced, one in 
the vertical plane and one in the horizontal plane, all of these ray diagrams are 
included into the appendices. In scenarios where no downwards displacement 
in the vertical plane or refraction in the horizontal plane occurred, the ray dia-
grams are included for completeness. Clearly the vast number of ray diagrams 
produced could not be prese'!ted within the text, but were necessary not only 
for completeness, but to explain the results and determine conclusions. 
Within the following text a number of ray diagrams are presented within ta-
bles of results, each of these ray diagrams has a reference number, A.l ... A.3; 
B.l ... B.8; C.l ... C.24, which refers to the same figure within the appendices. 
The size of the diagrams in the appendices are the same as the size of the 
diagrams produced by 1iA1?.PO , with a vertical scale of 
2 cm: 1000 m 
and a horizontal scale of 
5.4 cm : 1000 m. 
In the warm core eddy scenario a different horizontal scale was used, 
5.4 cm : 2000 m, 
because the horizontal refraction was so much greater than that in the current 
scenario. 
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These scales were used to approximately determine the observed magnitude of 
the downward displacement and horizontal refraction for all the vertical and 
horizontal ray diagrams respe5tively. 
In certain of the ray diagrams a relatively small amount of downwards dis-
placement or horizontal refraction can be observed, because of the scale of the 
diagrams it is not possible to determine an actual amount for these results, for 
this reason the magnitude of the variation that occurs to a sound ray propa-
gating through a feature can not always be determined. In cases such as these 
where a feature has perturbed the ray, but the effect is not measurable the 
results are represented by * * * in the relevant table. 
An important factor to notice is that throughout this research the horizon-
tal ray diagrams shown were all taken at the 1000 m level, that is the depth 
of the source and the sound speed minimum. This was done in order to facil-
itate comparisons when more complicated features, which result in horizontal 
variations, were included into the environment. Another factor is that each 
ray diagram, in both the vertical and horizontal plane, in the experiments that 
follow have the ray propagating through a horizontally stratified ocean included 
into them, this was done in order to assess the effects each feature has upon 
the ray propagating through them. 
Throughout this thesis the observed horizontal refraction taken from the ray 
diagrams was determined by measuring the longitudinal distance between the 
refracted ray and the horizontal ray at the receiver site.· The downwards displace-
ment, measured in the vertical plane, was taken as the maximum displacement 
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of the ray from the ray propagating through a horizontally stratified ocean. 
6.2 Sound Propagation Through A Horizontally Stratified 
Ocean 
In Section 5.4 a horizontally stratified ocean model environment was set up, 
using 1tA1lPO , sound rays were then propagated through the environment. 
Apart from providing a basis for further modeling the horizontally stratified 
ocean was modeled to demonstrate the fundamental features of acoustic propa-
gation through the ocean. A schematic representation for this environment was 
presented in figure 5.3. The results of this particular experiment, that is sound 
propagation through a uniform ocean environment are presented in table 6.1, 
which includes both the vertical and the horizontal ray diagrams, as well as the 
vertical ray diagram for an oblique ray. 
Consider the first figure in table 6.1, that is sound propagation through a uni-
form ocean environment in the vertical plane. The SOFAR channel, which was 
introduced in section 3.4, has been clearly demonstrated by the ray which con-
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Figure 6.1: Sound Speed Profile Of The Input Data 
In the vertical plane the variation from the sound speed minimum, above and 
below the sound speed minimum, is determined by the magnitude of the sound 
speed gradient, I l I within that region. In Section 3.4 the radius of curvature 
was defined by R = -~, where g = i~ . From this it can be deduced that 
for a large sound speed gradient the radius of curvature is small and so the 
deviation from the sound channel axis is small. Conversely a small sound speed 
gradient results in a large radius of curvature and hence in a large deviation 
from the sound channel axis. 
Consider figure 6.1, where I g I~ 0.04 s-1 above the sound speed mini-
mum ( a relatively large sound speed gradient), the maximum deviation from 
the sound speed minimum is fairly small, approximately 50 m . Below the 
sound speed gradient, where I g I~ -0.017 s-1 a large maximum variation 
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from the sound channel axis of about 1150 m is observed. Also, as mentioned 
in Section 3.4, the sound speed gradient above the sound channel axis was 
positive and resulted in the downwards bending of the ray towards the sound 
speed minimum and in the region below the sound channel axis the sound speed 
gradient was negative which resulted in the upward bending of the ray towards 
the sound speed minimum. 
In a range-independent or a horizontally stratified environment, such as the one 
considered here, where by definition there is no variation to the sound speed in 
a horizontal plane, there was no refraction in the horizontal plane. Refer to the 
second figure in table 6.1, the horizontal line through the center of the figure 
represents the unrefracted ray. 
At this stage it is necessary to notice that with the position of the receiver 
at East London and the ray traveling perpendicularly towards the coast from 
the source the bathymetry of the region would not affect a sound ray propagat-
ing through it. That is nowhere along the route of the ray path does the bottom 
topography rise to a depth that intrudes into the sound channel. In section 4.2 
the bottom topography of the region was discussed, even when other features 
were included into the model which cause the ray to refract and be displaced in 
the vertical plane, the bottom topography is so deep here that it never interacts 
with the sound channel. For this reason the ocean bottom was kept at a con-
stant depth of 5000 m throughout the experiment, even though it is possible, 
using 1iARPO , to include topographic features into the model environment. 
A variation on the horizontally stratified ocean scenario was to consider a 
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ray crossing the environment obliquely. Starting with an azimuth angle of 
0° (perpendicular to the environment), the ray was propagated through the 
environment with 1 ° decremental steps in azimuth angle until an azimuth an-
gle of 350° was reached. The resulting ray diagram in the vertical plane, for 
the ray propagating through the environment with an azimuth angle of 350° 
is presented in the third diagram of table 6.1. 
The oblique ray appears to have a different wavelength to the ray traveling 
perpendicularly through the environment, this is a result of the different obser-
vation position relative to the ray and hence a different perspective on the ray. 
Initially this ray was included throughout the experiment in order to determine 
the effects of a ray that propagates through a feature obliquely. However the 
results were insignificant in that variation to a ray as it traveled through a fea-
ture, with an azimuth angle of 350° , were negligible, in both the vertical and 
horizontal planes. For this reason, apart from this initial example, the oblique 
rays are omitted from all the figures that follow. 
6.3 Sound Propagation Through A Current Feature 
In the previous Chapter a model environment was established that included 
the velocity and temperature structures of the Agulhas and Agulhas Return 
Currents, these structures were superimposed onto the horizontally stratified 
ocean environment. Figure 5.4 and figure 5.5 represented the Agulhas and Ag-
ulhas Return Current model environments that were used for this part of the 
experiment. Sound rays were propagated through the velocity structure, the 
temperature structure and finally the combined velocity and temperature struc-
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tures. The results for the Agulhas Current scenario are presented in table 6.2. 
Table 6.2 is divided into three parts: firstly sound propagation through the 
velocity structure associated with the Agulhas Current; secondly sound propa-
gation through the temperature structure associated with the Agulhas Current; 
and thirdly sound propagation through the combined velocity and temperature 
structures associated with the Agulhas Current. 
The vertical and horizontal effects of each feature on sound propagation through 
them are outlined, and the relevant ray diagrams are presented. The horizon-
tal ray diagram (taken at 1000 m ) of sound propagation through the velocity 
structure, the vertical ray diagram showing sound propagation through the tem-
perature structure and the horizontal ray diagram (taken at 1000 m ) of sound 
propagation through the combined structures are included into the table. 
Firstly the velocity structure associated with the Agulhas Current described 
in section 5.4 is considered. The velocity structure had no vertical effect on a 
ray traveling through it and the vertical ray diagram was the same as that for 
sound propagation through a horizontally stratified ocean environment (refer 
to figure A.1 ). However in the horizontal plane refraction in the direction of 
the current flow occurred. This refraction only took place in the region of the 
current, between 33 and 34° S , about 800 km from the source. 
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Velocity Structure 
• vertical effect: 
none 
• horizontal effect: 
refraction in the direction 
of the current flow 
Temperature Structure 
• vertical effect: 
downwards displacement of 
of the ray in the region 
of the perturbation 
• horizontal effect: 
none 
Combined Scenario 
• vertical effect: 
same as that for the 
temperature only scenario 
• horizontal effect: 
less refraction in the 
direction of the current 
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Table 6.2: Results For A Ray PropM!ting Through The Agulhas Current 
Scenario 
Using the displacement equations derived in example 1 at the end of sec-
tion 3.5, which made use of the generalized Hamiltonian ray tracing equations 
within a current: 
~-c at - 0 
In this experiment the current used was provided by the model WQAUSS2 
(refer to pp 103). At the source depth of 1000 m: 
Now at 1000 m : c = 1480 m.s-1 
=> flt _ distance traveled = - aound speed 110000 m ,..,, 1480 m • .,-1 
Therefore the predicted ray displacement would be: 
14.3 s 
However the observed refraction, taken from the horizontal ray diagram in ta-
ble 6.2 is only about 46.3 m in the direction of the current flow. This indicates 
that while the observed experiment results appear to be realistic they are not 
necessarily numerically correct. 
In Section 3.1 it was stated that a change in sound speed indicates, through 
the equation of state, a variation in the temperature structure. An increase in 
sound speed would be indicative of an increase in temperature, for this reason 
the temperature structure associated with the Agulhas Current was included as 
a positive sound speed perturbation. The results for a ray propagating through 
a positive sound speed perturbation, associated with the warm temperature 
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structure of the Agulhas Curr_ent, are presented in table 6.2. 
No horizontal variation occurred to the ray and therefore the horizontal ray di-
agram is the same as that for the horizontally stratified ocean {see figure A.2). 
However, in the vertical plane a downwards displacement of approximately 
200 m was observed in the region of the perturbation, with the largest ef-
fect occurring at the latitude of the current axis, 33 .5° S . 
It is important to notice that while a warm core feature, such as that asso-
ciated with the Agulhas Current, result in a downwards displacement of the 
sound speed minimum, the inclusion of a positive sound speed perturbation 
does not necessarily have this effect. For example the sound speed perturbation 
used for this experiment, represented in figure 6.2, results in an increase in the 
magnitude of the sound speed gradient above the sound speed minimum, which 
remains unchanged at a depth of 1000 m . 
The 2% increase in sound speed resulted in approximately a 30 m.s-1 in-
crease in the sound speed at the surface, this in turn resulted in an increase in 
the magnitude of the sound speed gradient above the sound speed minimum. 
Therefore the perturbation resulted in an increase in the sound speed gradient 
above the sound speed minimum. The new magnitude of the sound speed gra-
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Figure 6.2: Diagram Of The Sound Speed Profile At The Maximum Varia-
tion On The Current Axis. 
An increase in the magnitude of the sound speed gradient, which occurred above 
the sound speed minimum as a result of the positive sound speed perturbation, 
results in a decrease to the maximum deviation of the ray from the sound speed 
minimum in that region. This in turn results in a larger entry angle into the layer 
beneath the sound channel, which results in a larger deviation of the ray from 
the sound speed minimum ( according to the definition of h in section 3.4 ). In 
table 6.2 the downwards displacement of the ray in the region of the current is 
clearly evident, with the maximum downwards displacement below the channel 
as a result of the sound speed perturbation was approximately 200 m . 
After considering the two components separately the ray was propagated through 
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an environment containing both the temperature and velocity structures asso-
ciated with the Agulhas Current. In the vertical plane no difference could be 
detected between the ray diagram for the combined velocity and temperature 
scenario and the temperature only scenario. This indicates that the velocity 
structure did not affect sound propagation in the vertical plane. However in 
the horizontal plane the amount of refraction, while still in the direction of 
the current flow, was significantly less than in the velocity only scenario, about 
35.2 m. This indicates that the temperature structure had a dampening effect 
on the horizontal velocity effect. 
At this stage the experiment was extended to include the Agulhas Return Cur-
rent. The Agulhas Return Current velocity and temperature structures were 
included into the horizontally stratified ocean environment. The structures had 
the same parameters as the Agulhas Current feature, but the latitudinal axis was 
positioned at 40° S and the current direction was reversed so as to correspond 
to the easterly direction of the Return Current. 
The results of this experiment are presented in the table 6.3, in the same way 
as for the Agulhas Current results in table 6.2. Table 6.3 includes the horizontal 
ray diagram ( taken at 1000 m) associated with propagation through the veloc-
ity structure, the vertical ray diagram associated with propagation through the 
temperature structure and finally the horizontal ray diagram (taken at 1000 m) 
associated with the combined velocity and temperature structures which repre-
sented the Return Current and the Agulhas Current temperature structure. 
It was mentioned in section 5.4 that it was not possible, using 1tA'RPO , 
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to include both the Agulhas and Agulhas Return velocity structures into the 
same model environment. So the velocity structure associated with the Agul-
has Return Current was considered on its own. 
The velocity structure resulted in no variation in the vertical plane, but as 
for the Agulhas Current scenario horizontal refraction of about 55.6 m in the 
direction of the current flow was observed. However a feature of the refraction 
that was not observed in the Agulhas Current velocity scenario, because of the 
close proximity of the coast and the receiver to the 'coast-edge' of the current, 
is that the horizontal refraction only occurs within the region of the current, 
thereafter the ray proceeds parallel to the 28° E line of longitude. This result 
corresponded to the mathematical prediction, derived at the end of section 3.5, 
where for the first example the displacement equations indicated that once the 
ray was no longer within the current region the ray would continue to propagate 
in its initial direction. 
It was possible to include both the sound perturbation associated with the 
Agulhas and the Agulhas Return Current into the same model environment. No 
horizontal variation was experienced by the ray as it propagated through the 
sound speed perturbations. The vertical effect of sound propagating through 
the positive sound speed perturbation associated with the warm Agulhas Return 
Current was the same as that for the Agulhas Current, only in the position of 
the Agulhas Return Current. 
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Velocity Structure 
• vertical effect: 
none 
• horizontal effect: 
refraction in the direction 
of the current flow 
Temperature Structure 
• vertical effect: 
downwards displacement of 
of the ray in the region 
of the perturbations 
• horizontal effect: 
none 
Combined Scenario 
• vertical effect: 
same as that for the 
temperature only scenario 
• horizontal effect: 
less refraction in the 
direction of the current 
flow than in the velocity 
only scenario 
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Table 6.3: Results For A Ray Prop1~v,ting Through The Return Current 
Scenario 
Finally the velocity and temperature structure associated with the Agulhas Re-
turn Current and the temperature structure associated with the Agulhas Current 
were included into the horizontally stratified ocean environment. The results 
were similar to that of the Agulhas Current Scenario. In the vertical plane 
the downwards displacement was the same as that for the temperature only 
scenario. In the horizontal plane refraction of approximately 37.0 m , in the 
region of the Return Current, was again observed to be less than that for the 
velocity only scenario. No further refraction occurred to the ray on entering the 
temperature structure associated with the Agulhas Current. 
6.4 Sound Propagation Through A Warm Core Eddy 
Before considering the results of sound propagating through an eddy environ-
ment it must be mentioned that a large amount of research has been done on 
sound propagating through mesoscale eddies (Baer, 1980). Kamenkovich et al 
(1986) provided an overview on previous research done with respect to acoustic 
propagation through mesoscale eddies. Most of the previous research done with 
respect to mesoscale eddies has been performed on intense mesoscale features 
within the Gulf Stream Region, in fact very little has been published on the 
more typical, less energetic eddy fields. 
Mesoscale eddies have been shown to have significant effects on the sound 
speed structure of the ocean, this is primarily as a result of the large temper-
ature variations associated with them (Henrick et al, 1979). Another primary 
component of an eddy, which effects acoustic propagation through them, is the 
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rotational velocity structure, which can either accelerate or decelerate the prop-
agation sound signal. 
There are two distinct eddy types which are defined by their direction of rota-
tion: firstly a cyclonic eddy, which consists of a cold core of water which spins in 
a clockwise direction in the Southern Hemisphere; and secondly an anticyclonic 
eddy, which consists of a warm core of water which spins in an anticlockwise 
direction in the Southern Hemisphere. Within these two categories of eddy large 
variations can be in the eddy structure and intensity. Diameters ranging from 
100 km to 500 km and current speeds from 3 m.s-1 to 1.5 m.s-1 have been 
observed (Henrick, 1977). 
An experiment pertaining to the effects of an eddy on a sound ray propagat-
ing through it would not be complete without mentioning the paper by Munk 
(1980), in which Munk mentions that the presence of a warm or cold mesoscale 
feature results in the spreading or focusing respectively of acoustic energy in 
both the vertical and horizontal planes. In his paper Munk states that the 
horizontal angular deflection of a ray path through a circular eddy is approxi-
mately double that of the fractional variation in sound speed at the eddy center. 
Because warm core and cold core eddies have such very different structures 
and dynamics they have very different acoustic properties and hence very differ-
ent effects on sound propagating through them. In this experiment a warm core 
anticyclonic eddy was considered because of the frequency of this type of eddy 
experienced in the Retroflection Region, south of Africa. According to Munk 
(1980) as rays propagate through a warm core eddy they refract in a direction 
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away from the eddy center, this is primarily because sound rays refract towards 
regions of lower sound speed and hence towards cooler water. (Conversely rays 
passing through a cold core eddy would refract towards the eddy center). 
The anticlockwise warm core eddy that was considered for this experiment was 
depicted in figure 5.6. As in the previous experiments described in this Chapter 
the velocity and sound speed (implied temperature) structures are considered 
first separately and then combined together. Another factor which was included 
into the experiment was that the eddy was moving in an easterly direction, and 
the ray was still transmitted along the 28° E line of longitude. An eddy traveling 
in a westerly direction would have produced symmetric results. Rays passing 
through the center, ! a radius , 1 radius and 1 ! radii from the center of 
the eddy were considered. Figure 6.3 shows the orientation that was used, for 
the experiment and in the corresponding ray diagrams, of the ray to the eddy as 
the eddy traveled towards the east. This was done in order to compare results 






Figure 6.3: Diagram Showing That As The Eddy Travels Towards The East 
So The Ray Propagates Through The Center, ! a radius , 1 radius And 
1 ! radii From The Center Of The Eddy. 
The experiment to demonstrate sound propagation through an eddy feature was 
performed in the same way that sound propagation through a current feature 
was. A sound ray was propagated through the velocity structure associated a 
warm core eddy in the Southern Hemisphere, that is an anticlockwise vortex. 
This was followed by propagating the sound ray through the temperature ( or 
implied sound speed structure) associated with a warm core eddy. Finally a 
sound ray was propagated through the combined scenario, which included the 
velocity and temperature structures associated with a warm core eddy. 
The results are presented in two tables: table 6.4, which contains all the ver-
tical ray diagrams associated with the eddy experiment; and table 6.5 contains 
all the horizontal ray diagrams ( all taken at 1000 m) associated with the eddy 
131 
experiment. 
So each table contains the ray diagrams associated with sound propagation 
through an anticlockwise vortex, a warm core sound speed perturbation and 
the combined scenario of a warm core anticlockwise vortex. For each of these 
scenarios four ray diagrams are presented, corresponding to a ray propagating 
through the center, ! a radius , 1 radius and 1 ! radii a radius from the 
center of an eddy as the eddy traveled towards the east. 
First the results for sound propagation through the velocity structure, an an-
ticlockwise vortex were considered. As the ray propagated through the anti-
clockwise vortex no vertical displacement was observed, in fact the same verti-
cal ray diagram as for the horizontally uniform ocean, presented in figure A.1, 
was produced. This indicates that a horizontal current does not effect a ray 
propagating through it in the vertical plane. This corresponds to the first dis-
placement equation for each of the examples presented at the end of section 3.5: 
~ - 0 at - · 
However in the same way that there appeared to be a variation in wavelength 
when observing the oblique ray in table 6.1, there appeared to be a slight vari-
ation as the ray traveled through the vortex at ! a radius , 1 radius and 
1 ! radii from the vortex center. This effect follows since these rays would be 
intersecting the feature obliquely. 
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Downwards Displacement Velocity Structure 
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Table 6.4: Table Showing The Vertical Ray Diagrams Produced For The 
Eddy Experiment, Demonstrating igynd Propagation Through A Warm 
Core Eddy Feature. 
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Combined Scenario 
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This experiment was followed by considering sound propagation through a pos-
itive sound speed perturbation, which corresponds to the warm temperature 
structure associated with a warm core eddy. The perturbation was designed to 
coincide with the location of the anticlockwise vortex, and the maximum sound 
speed variation occurred at the center of the feature, where the sound speed 
profile was the same as that in figure 6.2. 
For the sound speed perturbation scenario, as expected the most downwards 
displacement occurred to the ray propagating through the center of the fea-
ture, where the perturbation was the most intense. The amount of downwards 
displacement decreased as the eddy traveled towards the east and the ray prop-
agated through progressively less intense regions of the perturbation. 
The maximum downwards displacement, below the sound speed minimum, was 
approximately 200 m more than that for the ray propagating through the hori-
zontally stratified ocean. Once again the downwards displacement of the sound 
channel was a direct result of the increase in magnitude of the sound speed 
gradient above the sound speed minimum was a result of the positive sound 
speed perturbation. The maximum downwards displacement of the ray propa-
gating through the perturbation at ! a radius was approximately 150 m, the 
downwards displacement through 1 radius was approximately 60 m and for 
the ray propagating through 1 ! radii away from the eddy center downwards 
displacement did occur but it was too small to measure on the ray diagram. 
The anticlockwise vortex and the positive sound speed perturbation were com-
bined together and included into the horizontally stratified ocean, representing 
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a warm core eddy. As in the case of the sound speed perturbation scenario, 
the maximum amount of downwards displacement occurred to the ray traveling 
through the center of the eddy, the amount of downwards displacement then 
decreased as the eddy traveled towards the east. However, for the two outer 
rays, the downwards displacement was less for the eddy scenario, in each case, 
than for the sound speed perturbation only scenario. 
The ray traveling through the center of the feature experienced a downwards 
displacement of approximately 200 m. The amount of downwards displacement 
to the ray traveling through the eddy eddy at ! a radius was approximately 
150 m , for the ray traveling through the eddy at 1 radius the downwards dis-
placement was approximately 50 m and there was no downwards displacement 
for the ray traveling through the eddy 1 f radii from the eddy center. 
In the same way that the vertical results are presented in table 6.4 so the 
horizontal results were presented in table 6.5. Consider first the results for a 
ray propagating through the eddy velocity structure, that was through an anti-
clockwise vortex. In the horizontal plane the anticlockwise vortex produced the 
largest horizontal refraction, away from the vortex, to the ray traveling through 
the center of the vortex, that was where the velocity structure was the most 
intense. Thereafter the amount of refraction decreased as the eddy traveled 
towards the east. 
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Horizontal Refraction Velocity Structure 
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Table 6.5: Table Showing The Horizontal Ray Diagrams Produced For The 
Eddy Experiment, Demonstrating f3tnd Propagation Through A Warm 
Core Eddy Feature. 
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The maximum refraction, away from the vortex, of approximately 722.2 m , 
was experienced by the ray propagating through the center of the vortex. The 
ray propagating through the vortex ! a radius from the center had refraction 
of about 518.0 m away from the vortex. For the ray propagating through the 
vortex 1 radius radius from the center the horizontal refraction was approx-
imately 166. 7 m . For the ray propagating 1 ! radii from the vortex center 
horizontal refraction was observed to be approximately 7.4 m. It is interesting 
to notice that the refraction effects for a relatively low velocity anticyclonic vor-
tex, with a maximum velocity of 1.5 m.s-1 were far larger than the refraction 
effects for a zonal current flowing twice as fast. 
Now in the same way that the displacement equations were considered for 
the agulhas current scenario, the displacement equations derived at the end 
of section 3.5, with an initial direction of Is.= (0, k2, 0) , were considered: 
~-0 at -
And according to the model used, VVC?R.T X3 , taken at 1000 m : 
Vi(x1,x2,x3) = V2(-l,x2,x3) 
Vi(x1, X2, X3) = Vi(-1, X2, X3) 
-734.1584 1000 2 -1.2e<1-127-.:r~1+12s-.:r3 I) l = -127-x2 + 28-x3 (1 - e 3025 )( X3 - 28)e 
734.1584 1000 2 -1.25(!-127-.:r~!+l28-.:r3 I) 1 
-127-x2 + 2s-x3 (1 - e 3025 )( X2 - 127)e 
Also, in the same way that the current was 110 km wide, so the eddy feature 
was 110 km in diameter, this meant that at the maximum width of the eddy 
feature: 
139 
For the ray propagating through the center of the vortex the predicted ray 
displacement would be: 
J/4'3 [Vi + Co]Ot = 
( )2 -1.26(137.2-tl) 
J. 74.3(-734.1584 IO~ (1 - e 302s2 )(t - 37 2)e1 + 1480]8t o !37.2-tl • 
As the eddy traveled towards the east so the time spent, for the ray, within the 
feature would reduce. The amount of refraction would become: 
f/[Vi + C0 ]0t = [Vi]/ + 148Q~t 
Io t[Vi]ot [V3]o t 
In the temperature only scenario the ray traveling through the center of the 
sound speed perturbation intersected the perturbation orthogonally and there-
fore was not affected by the sound speed structure. However as the ray traveled 
towards the east so the ray intersected the perturbation more obliquely and 
large amounts of refraction away from the sound speed perturbation were ob-
served. This corresponds to the range-dependent ray tracing theory that was 
introduced in the vertical plane in section 3.4. While the theory was introduced 
in the vertical plane it was equally applicable in the horizontal plane and this 
scenario provided an example of the fact that an increase sound speed would 
result in refraction away from the perturbation. 
A large horizontal refraction, of approximately 1555.6 m , was observed for 
the ray traveling through the perturbation ! a radius from the center. For the 
ray which grazed the perturbation, 1 radius from the perturbation center, the 
horizontal refraction was the most for this scenario, approximately 1629.6 m. 
Finally the ray propagating 1 ! radii from the perturbation center experienced 
only approximately 740.7 m of horizontal refraction away from the eddy, this 
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reduction in horizontal refraction was expected since the ray was no longer close 
to the intense sound speed perturbation. 
In the combined scenario the velocity structure and the sound perturbation 
appeared to have complimented each other in terms of the horizontal refrac-
tion. The horizontal refraction through the center of the eddy was approx-
imately 611.1 m , through ! a radius approximately 2074.1 , through 
l radius approximately 1833.3 m and through 1} radii approximately 777.8 m. 
The horizontal angular deflection of the ray traveling through the center of 
the eddy was: 
arctan( Bll.l m ) "' 0 0693° 505000 m - ' 
Where 611.1 m was the horizontal refraction through the center of the eddy, 
measured at the receiver site, and 505000 m was the horizontal distance from 
the position where the ray entered the eddy to the receiver site. This means that 
for this experiment the horizontal angular deflection of the ray path through the 
center of the eddy was approximately 0.0693° , for an eddy with a fractional 
variation of 0.02 (or 2%) at the eddy center. Munk (1980) stated that the 
horizontal angular deflection of the ray path through a circular eddy is approxi-
mately double that of the fractional variation in sound speed at the eddy center, 
in this case the horizontal angular deflection was almost three and a half times 
that of the fractional variation in sound speed at the eddy center. 
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7.1 Summary Of The Experiment And Results 
An outline of the numerical experiment is presented here as well as a summary 
of the results previously presented in Chapter Six. The results are displayed in 
table 7.1 and table 7.2, which contain the vertical and horizontal results respec-
tively. The purpose of these tables was not only to provide a quick reference, 
but to make the reasoning behind the conclusions easier to follow. 
The numerical experiment began by propagating a sound ray through a range-
independent environment, this horizontally stratified environment was kept as 
a background environment throughout the experiment. This scenario demon-
strated the basic acoustic property of long range acoustic transmission in a 
range-independent environment, that is the presence of the SOFAR channel 
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was clearly demonstrated. 
A zonal current and its associated temperature structure were included into 
the environment. Firstly the ray was transmitted through the sound speed (im-
plied temperature) structure of the feature associated with the Agulhas Current. 
This was followed by propagating sound through the zonal velocity structure as-
sociated with the current. Finally the two components were combined together 
to provide a realistic range-dependent environment and a sound ray was prop-
agated through it. The results showed the downwards displacement of the ray 
beneath the warm structure in the sound speed only scenario. Horizontal refrac-
tion in the direction of the current flow occurred to the ray propagating through 
the velocity structure, that was a zonal current. Finally in the realistic combined 
scenario the downwards displacement to the ray in the vertical plane was the 
same as that in the temperature only scenario, but the horizontal refraction was 
reduced. 
A natural extension to this scenario was to consider the effects of sound propa-
gation through the Agulhas Return Current. Staying with the current scenario 
propagation through the sound speed (implied temperature) structure associated 
with both the Agulhas and Agulhas Return Current was considered, followed by 
propagation through the zonal velocity structure associated with the Agulhas 
Return Current. The final experiment in the current scenario was to combine 
the sound speed structure associated with both the Agulhas and Agulhas Return 
Currents as well as the velocity structure associated with the Agulhas Return 
Current. The results for the Agulhas Return Current scenario were consistent 
with the Agulhas Current results. 
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Figure Model Environment Downwards Displacement 
Figure A.1 uniform ocean Om 
-
Figure A.3 oblique ray Om 
Figure 8.2 agulhas temperature 200 m 
Figure 8.3 agulhas combined 200 m 
Figure 8.6 return temperature 200 m 
Figure 8.7 return combined 200 m 
Figure C.1 eddy velocity - r = 0 Om 
Figure C.2 eddy velocity - r = 1 Om 2 
Figure C.3 eddy velocity - r = 1 Om 
Figure C.4 eddy velocity - r = 1! 2 Om 
Figure C.9 eddy temperature - r = 0 200 m 
Figure C.10 eddy temperature - r = 1 150 m 2 
Figure C.11 eddy temperature - r = 1 60 m 
Figure C.12 eddy temperature - r = 11 2 *** 
Figure C.17 eddy combined - r = 0 200 m 
Figure C.18 eddy combined - r = 1 150 m 2 
Figure C.19 eddy combined - r - 1 50 m -
Figure C.20 eddy combined - r = 11 2 Om 
Table 7.1: Summary Of Observed Results For All The Ray Diagrams In The 
Vertical Plane 
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Figure Model Environment Horizontal Refraction 
Figure A.2 uniform ocean Om 
Figure 8.1 agulhas velocity 46.3 m 
Figure 8.4 agulhas combined 35.2 m 
Figure 8.5 return velocity 55.6 m 
Figure 8.8 return combined 37.0 m 
Figure C.5 eddy velocity - r = 0 722.2 m 
Figure C.6 eddy velocity - r = 1 518.5 m 2 
Figure C.7 eddy velodty - r = 1 166.7 m 
Figure C.8 eddy velocity - r = 11 2 7.4 m 
Figure C.13 eddy temperature - r - 0 Om -
Figure C.14 eddy temperature - r 1 1555.6 m - 2 
Figure C.15 eddy temperature - r = 1 1629.6 m 
Figure C.16 eddy temperature - r = 1 ! 740.7 m 
Figure C.21 eddy combined - r = 0 611.1 m 
Figure C.22 eddy combined - r = 1 2074.1 m 2 
Figure C.23 eddy combined - r = 1 1833.3 m 
Figure C.24 eddy combined - r = 11 2 777.8 m 
Table 7.2: Summary Of Observed Results For All The Ray Diagrams In The 
Horizontal Plane 
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Finally sound propagation through a warm core mesoscale eddy was consid-
ered. Beginning propagation through the sound speed (implied temperature) 
structure, followed by propagation through the an anticlockwise vortex current 
structure, which corresponds to the velocity structure of a warm core eddy 
feature in the southern hemisphere. Both these components were combined 
together in order to consider propagation through a more realistic warm core 
mesoscale eddy, such as those found in the Agulhas Current region. For all the 
eddy scenarios rays propagating through the center f a radius , 1 radius and 
1 ! radii from the eddy center were considered. The results were again consis-
tent with the current scenario, except the horizontal refraction was away from 
the eddy center. 
7.2 Conclusions 
In order to keep the conclusions focused, the objectives for this thesis, which 
were presented at the end of section 1.1, are restated here. The first objec-
tive was to consider the effects of warm core features on long range acoustic 
propagation through them using 1-lARPO (Georges, Jones and Lawrence, 
1990; Jones, Riley and Georges, 1986)a hamiltonian ray tracing program for the 
ocean. The next objective was to apply the results of the numerical experiment 
to features typical of oceanographic features found within the Agulhas Current 
Region. The final objective was to assess the usefulness of 1-lARPO as a 
predictive tool in terms of long range acoustic propagation in the ocean. 
The numerical experiments performed for this thesis did not produce the large 
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refraction and vertical displacement effects that have been presented in a large 
amount of other acoustic propagation modeling research which mainly consid-
ered propagation through exaggerated features in order to determine extreme 
effects, an exception is Newhall et al (1990). The purpose of studying propaga-
tion through exaggerated features seems to be in order to determine refractive 
and displacement processes, rather than to quantify the amount of refraction 
and displacement that occurs as a result of sound propagating through them. 
The experiments that were performed and that have been described in this 
thesis used realistic parameters and have clearly demonstrated that the velocity 
and sound speed (implied temperature) structure of warm core oceanographic 
features, such as warm zonal currents and warm mesoscale eddies have a far 
reaching effect on sound propagating through them. 
Consider first the results for sound propagating through the warm core zonal 
currents, which were designed to represent the Agulhas and Agulhas Return 
Currents. These currents were both discussed in detail in Chapter Four and are 
considered to have two components, the velocity and sound speed structures, 
that affect sound propagation through them. 
Firstly the warm water associated with the currents causes the sound chan-
nel to be depressed in that region, a ray propagating through the feature dives 
down following the new deeper sound channel. The associated velocity struc-
tures resulted in significant amounts of horizontal refraction, in the direction 
of the current flow, to rays propagating through them. When the velocity and 
temperature structures were combined together into a more realistic scenario 
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the ray was still forced downwards by the warm current core and because of this 
less horizontal refraction occurred to the ray, that was now propagating beneath 
the current core, than in the velocity only scenario. 
Secondly the eddy scenario was considered. As Munk (1980) concluded the 
horizontal refraction through a warm core feature would be away from the cen-
ter of the feature, so all the refraction for the eddy feature was directed away 
from the eddy center. Also f_or the ray propagating through the center of the 
eddy the horizontal angular deflection was approximately three and a half times 
that of the fractional variation in sound speed at the eddy center. 
For the ray traveling through the center of the combined eddy scenario the 
conclusion was the same as that for the current scenario, in that the warm wa-
ter of the feature forced the sound channel downwards, this resulted in the ray 
traveling below the current core and therefore less horizontal refraction than in 
the vortex only scenario. 
For the rays traveling through the eddy feature, that entered the feature obliquely 
the sound speed structure played a strong role in the amount of horizontal re-
fraction which occurred. The most horizontal refraction occurred to the ray 
traveling through ! a radius from the eddy center and then the amount of 
horizontal refraction decreased as the eddy traveled towards the east. As the 
eddy traveled eastwards so the intensity of the sound speed perturbation was 
reduced and hence the decrease in horizontal refraction. 
In conclusion 1tA1lPO was useful as a modeling tool, in terms of determining 
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which feature would cause more horizontal refraction or downwards displace-
ment to a particular ray, than another feature. The results have clearly shown 
that 1tA'R.PO performs well as a predictive tool in determining the effects of 
oceanic features on sound propagating through them. 
7.3 Extension Into Real Environments 
A natural extension of this work would be to include real hydrographic data, col-
lected within the area of interest, and incorporated as the model environment. 
The inability to do this was indeed the primary limitation of the PC version of 
1tA'R.PO used for this thesis. Its implementation has to await the extended 
software, but future work taking advantage of this can be contemplated as fu-
ture studies. 
Real data goes well beyond the idealized geometrics of the model environments 
of this thesis. Additional measures of the deviation from simple propagation 
paths are needed so as to gain necessary insights. For example, the horizontal 
refraction of a ray passing through a region of fully three-dimensional range 
dependence can be described in terms of the variation of horizontal refraction 
angle along the propagation path and the change in overall travel time for the 
new environment. 
Repeated propagation studies for changing real environments can be used to 
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Appendix A 
A UNIFORM OCEAN 
ENVIRONMENT 
Figure: Model Environment Plane Page Number 
Figure A.1 uniform ocean vertical 154 
Figure A.2 uniform ocean horizontal 155 
Figure A.3 oblique ray vertical 156 
Table A.1: List Of The Location Of The Ray Diagrams For Sound Propa-
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Appendix B 
A CURRENT ENVIRONMENT 
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Figure: Model Environment Plane Page Number 
Figure B.l agulhas velocity horizontal 159 
Figure B.2 agulhas temperature vertical 160 
Figure B.3 agulhas combined vertical 161 
Figure B.4 agulhas combined horizontal 162 
Figure B.5 return velocity horizontal 163 
Figure B.6 return temperature vertical 164 
Figure B.7 return combined vertical 165 
Figure B.8 return combined horizontal 166 
Table B .1: List Of The Location Of The Ray Diagrams For Sound Propa-
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Figure B.1: Agulhas Current Velocity Structure - Horizontal Profile 
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Figure B.8: Return Current Combined Scenario - Horizontal Profile 
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Appendix C 
AN EDDY ENVIRONMENT 
167 
Figure: Model Environment Plane Page Number 
Figure C.l eddy velocity - r - 0 vertical 169 -
Figure C.2 eddy velocity - r - 1 vertical 170 - 2 
Figure C.3 eddy velocity - r - 1 vertical 171 -
Figure C.4 eddy velocity - r = 11 2 vertical 172 
Figure C.5 eddy velocity - r - 0 horizontal 173 -
Figure C.6 eddy velocity - r - 1 horizontal 174 - 2 
Figure C.7 eddy velocity - r = 1 horizontal 175 
Figure C.8 eddy velocity - r = 11 2 horizontal 176 
Figure C.9 eddy temperature - r - 0 vertical 177 -
Figure C.10 eddy temperature - r - 1 vertical 178 - 2 
Figure C.11 eddy temperature - r - 1 vertical 179 -
Figure C.12 eddy temperature - r = 11 2 vertical 180 
Figure C.13 eddy temperature - r - 0 horizontal 181 -
Figure C.14 eddy temperature - r - 1 horizontal 182 - 2 
Figure C.15 eddy temperature - r - 1 horizontal 183 -
Figure C.16 eddy temperature - r = 11 2 horizontal 184 
Figure C.17 eddy combined - r - 0 vertical 185 -
Figure C.18 eddy combined - r - 1 vertical 186 - 2 
Figure C.19 eddy combined - r - 1 vertical 187 -
Figure C.20 eddy combined - r = 11 2 vertical 188 
Figure C.21 eddy combined - r - 0 horizontal 189 -
Figure C.22 eddy combined - r - 1 horizontal 190 - 2 
Figure C.23 eddy combined - r - 1 horizontal 191 -
Figure C.24 eddy combined - r = 11 2 horizontal 192 
Table C.1: List Of The Location Of The Ray Diagrams For Sound Propa-
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Figure C.24: Anticlockwise Warm Core Eddy - R = 1! - Horizontal Profile 
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